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tion, fish and wildlife, and the consermtion of soil and water on 
watershed lands. 

Allnost every kind of river and ~~otershed-improvement program 
requires some degree of alteration in the existing regimen of strcarns. 
The prevailing but generally erratic progression of floods and 1 ow- 
water flows may be cbangcd by tbe building of impounding reservoirs, 

a Ion measures by diversions of water for beneficid uscs, by soil-consero t' 
and in otber mays. The qumtity of sediment trallsported by the 
stream may be changed as a result of deposition in reserroirs, by 
erosion-cont0rol measures on the watersb ed , or. by revetment of the 
stmxn banks. The shape and slope of the stream may be changed - 
by straightening, cut-offs, and jetties. Entirely new aTntercou.rses 
may beAconstructed to cmrg water diverted for irrigation, Lo provide 
drainage, or to create .new navigable channels. 

If a stream is flowm in an alluvial valley over a bed composed 
rnainlp of unconsolidate Z sand or gravel, it is probable that the stream 
and its channel are essentially in equilibrium. The size and shape 
and slope are adjusted to the amount and ~varistion of dischrgc and 
the supply of sediment of those sizcs that make up its bed. If, then, 
some artificial change is made in the flow c,haracterisiics, sediment 
supply or shape and slope of the channel, tlzc stream will tend to make 
adjustments to ac.hievc s new equilibrium. It ail1 do so by scauring 
or filling its bed, widcuing or narrowing its channel, iricreasing or 
d ecreasing its slope. 

One of the most difficult problems encountered in open-channel 
hydraulics is the determination of the rate of movement of bed 
material by a sheam. The movement of bed material is a complex 
function of flow duration, sediment supply, and channel c,hamctm- 
istits. If it method is available for determining with reasonrthle 
accuracy the bed material movement under cxisling conditions, i t  
would tlh en be possible also to determilie what the movement should 
be with any of these conditions altered. This would proride rt 
reasonable basis for predicting what c,lmnges can be expected in a 
cliannel under a new set of conditions. 

Prediction of future channel changes has a, very great wonomid 
importance in river-basin planning and dereloprnerlt and in the 
operation and maintenance of river-basin projects. For example, if 
n large dam is constructed on an allluvid-bed ri-oer, d l  of the bed 
sediment normally transported will be tra,pped. The clear water 
released will tcnd to erode the channel bed domstream from t-lle dam 
until a new e uilibrium is established. Severe bcd erosion may ? undermine cost, y installations such a s  bridgc piers, diversion struc- 
tures, sever ou tlets, and bank-pro t ection works. 

Advance knowledge of the scour expccled may influence the eleva- 
tion of tlailwater outlets in power darns, influencin the power capacity 
of the dam to  a very signific,ant degree. On tqhe o t % er hand, regulation 
of tlhe flow effected by the dam, pnrticularly reduction in peak dis- 
charges, may make it impossible for' i4he flow further downstsertm to 
transport all of the bed sediment delivered to the channel by tributary 
streams. Such a condition would result in aggradntion of the main 
stem, reducing its flood -carrying capacity and ad versely affecting 
other developments on and along the stream. 



Differential reduction of peak floas and bed sediinent supply by 
watershed trcatmeat measures-say 20-percent reduction in the former 
and TO-percent reduction in tthe latter-might initliatc u cycle of 
damaging charnel erosion in headwater tributaries and eTen down into 
main streams. If a chnnnel is now aggsding, reduction in bcd- 
se,dimcnt supply without proportional reduction in stream flow may 
be beneficial. If the channel is degrading, reduction in peak flows 
with less conttrol of the sediment supply may be helpful. Except in 
areas where streams generally flow in rock-bound channels, the 
problems of bcd-load movement and channel st ability are almost 
universally prcsent. Often they are critical if not deciding factors 
in not only the design and mai~~tennnce of works of inlproven~ent,, but 
even of their feasibility. 

This publication does not attempt to give the specific solutions for 
all sediment problems in alluvial channels. It attempts only to 
provide a tool which the miter hopes is sufhciently general tlo apply 
to a laxge number of such problems. This tool is the bed-load func- 
tion. The equation for tlhc bed-load func.tion of an alluvial channel 
perlnitls cnl~ula~t~ion of the rates of transport for various scdimcnt sizes 
found in tbc bed of n channel which is in equilibrium. These equi- 
librium rates will be shown to be functions of the flow discharge. 

The significance of these equilibrium ratcs becomes apparent when 
one recognizes that they must have prevailed for a long time in order 
to develop thc existing channels. Bv application of the bed-load 
function tlo an existing channel, it is possible tto estimate the rate 
of bed-sediment supply. On the other hand, the same method may 
be used to determine the interdependent effects of changes of the 
channel shqe ,  of the sediment supply, and of the flows in the channel. 

With the bed-sediment transportation rake a Iunction of the dis- 
charge, i t  is clear that the long-term transport, ilhat is, the average 
amnual transport, can be prehcted ordy if the long-term flow rates 
can be predicted. It will be shorn thart  most, sediment problems can 
be solved satisfactorily if at least the flow-dumti0.n curve is known. 
This fact emphasizes the urgent need for more knowledge about 
flow-duration curves for river sections of various sixes, for ~ar ious  
climates, and for various watershed conditions. Todn y, nccurat e 
sediment-transport determinations are hampered rnorc by a lack of 
necessary hydrologic data than by any other singlo factlor. 

APPROACH TO THE PROBLEM 

The term "bed-load function7 bas proved to be useful in the dcscrip- 
tion of the sediment movement in stream channels. It is defined as 
follows: The bed-load function gives the ratm at which flows of any 
magnitude in a given channel will transport the individual scdiment 
sizes of which t.he channel bed is coinposed. 

This publication describes a method which may be used to deter- 
mine the bed-load function for many but not all tlypes of stream 
channels. It is based on a large amount of experimental evidence, 
on the existing theory of turbulent flow, and beyond the limils of 
existing theory, on reasonable spoculation. First, the physical char- 
acteristics of the sediment transportation process will be described. 
Next, sediment movement  ill be considered in the light of flume 



experiments \+-]rich alloaed the detcrrniimtion of some nniverd ~011- 
stallts of the rnrious trnnsportation equatiom. Finally, the ~nlc~uls- 
tiou of the bed-lottd function for a stream channel will be outlined to 
deinon~l~sat~ the pract,ica 1 application of the method to determine 
re.teos of bed-load transportation. In its present state, the method 
appears to be basically correct. Although in various respects it is 
still incomplete, it ?ppoars to be useful for the soh tion of a considernlde 
range of higbly nnportant problems. A special effort is made, 
however, to point ou t  the unsolved phases of the problem. 

Some terms i ~ h ~ c h  recur frequently in this publication me defined 
as follows: 

Bed load: Bed particles moving in the bed layer. This motion 
occurs by rolling, sliding, and, sometinies, by jumping. 

Suspended load: Pftrticles moving outside the bed layer. The 
weight of suspe11dt.d particles is continuously supported by the fluid. 

Bed layer: A. flow layer, 2 grain diameters thick, immediately 
above tho bed. The thickness of the bed layer varies with the 
particle size. 

Bed material: The sediment mixture of whicth the moving bed is 
composcd . 

Wash load: Tbctt part of the sediment load whic.h consists of grain 
sizes finer than those of the bed. 

Bed-material load: That part of the sediment load which csonsists 
sf grain sizes represented in the bed. 

Bed-load function: The rates at which various dischftrges will trans- 
port tho different pa in  sizes of the bed material in a given chnnnel. 

Bed-load equation: Thc general relationship between bed-load rate, 
flow condition, and composition of the bed material. 

LIMITATION OF THE BED-LOAD FUNCTION 

Functions often become constant or e-ven equal tlo zero under a wide 
range of conditions. That functions may not hare any  value in cer- 
tain ranges of conditions is mathematlically dc~nonst~rated 
the solutio11 of the equation which defines the function becomes imagi- 
nary, BUL functions tlhat becomc i~~det~emiinate under a wide range of 
conditions seem to be rather unusual. 1;Tufortmately, the bed-load 
fu~wtion has tqhis character. 

In order to better understand this condition consider an example 
from the gmne of billiards. A player shoots thc cue btd with the 
intention of hitting the red ball which is at rest. In what direction 
will Che red ball move aftler the collision? Mathema,t.ically, thc 
problem may be described in the following way: The independent 
variables are the angle a with which the c.ue bill rolls, and the original 
distancc 1 between I h e  two balls. The angle a, however, cannot be 
prcdicted with mathematical accuracy, but is end owed with an error. 
The actual oa.luc of a for any act~ial shot, is defined b the angle a, 
which thc player intends to use and by a, slnd but absogtely random 
uncertainty a' which is only statistically determined by tlhe accuracy of 
the player. The angle 7 a t  which tlhe red ball begins to move after 
the impact depends upon the direction of the common plane of tmgcncy 



for the two b d s  at the moment of collision. Ilssullzing no friction 
between the balls -4th a diarnetclr D, the angle y may be calculated 
in terms of a', for instance, for an intrended head-on collision if a and y 
are measured from the original common centiroid of the bnlls by the 
equation: 

sin 7 - I 
sin at D 

As long as I is of the same order of magnitude aos D, y will be of the 
same order as at and it may be predictled with about ithe. same ac- 
c.uracy as a. As soon as I bec,omes large compared to D, however, sin 
y mill be rather large and 7 may not be predicted with any degree of 

la 
accuracy. With I larger than a given limit - may evm become D 
larger than unity and the player may miss the ball ~~ompletely. In 
this case the prediction of -y from the intended average value 9 
becomes meaningless because the possible fluctuations are imch larger 
than this value itself. We map thus conclude Chat beyond a certain 
distance I tho player, charact.erixed by an uncertainty a', has no 
chance at, all of predicting y although he is able to do so with reasonable 
accuracy for small distances 1. 

This example may show in a general way t h h  pl~ysical problems 
&st which are determinate in part of the range of their parameters 
but are indeterminate in some other ranges. The tmnsition between 
the two is usually gradual. Tho relationship between flow and scdi- 
ment transport in a strcarrz cha~mel is basically of this character. 
The critical parameter deciding the significance of the function in n 
given flow is the grain diameter of the sediment. 

To introduce in simplified form t4hc gencral case of sediment move- 
ment, assume a uniform, concre te-lined channel tl vough which a 
constant discharge flows uniformly. Sediment is ridded to the flow 
al  the channel entrance. Expericncc shows that sediment up to s 
certain particle size may be fed into such a flow at any rate up to u 
certain limit without causing any deposits in the charnel. For all 
rates up to this limit, the channel is swcpt clean. ih observer who 
e x d n e s  the channel after the flow has passed can stntx only that 
the ra4te of sedimcnt flow must hare been below Lhis limiting rate ; 
that is, below the "sediment transp~rt~irlg cnpitcity" of the concrete 
channel. The sediment has not lelt any. trecc in thc channel, I ts  
ratle of transport need not be related in any wil,;y to the flow rate. 
This kind of sediment load has been called "wash load " because i t  is 
j ust, washed through the channel. 

If the ratc of sediment supply is larger thau the capacity of the 
channel to move it, the surplus sediment drops out and begins to cover 
tthe channel bottom. Afore and more sediment is dropped if the supply 
con tirlues to exceed the capac?ity un ti1 the chnnilel profile is sufkiently 
changed to rea,ch an equilibrium whereby nl every sectioil the transport 
is just reduced to the capacity value. Now, an obscrvcr is able to 
predict that during the flow, sediment was transported atl each section 
at a rate equal to the capacity load; because if it had been morc the 
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surplus \\odd have set~ded out, and had it heen less, the difference 
would have been scoured from the available deposit. Such rt river 
section which possesses a sediment bed composed ol t:he same type of 
sedime.nt as thaL moving in the stream is called an "alluvial 
reach" (15).3 11 is the main purpose of this paper to show how the 
capacity load in such an alluvial reach may be calculated. 

This problem is highly complicated by the fact that? the sediment 
entering any naturd river reach is never uniform in size, shape, and 
specific gravity but represents d w a p  a rather complex mixture of 
different grain types. I t  has been found experin~cntslly that the shape 
of the diiferent sediment particles with few exceptions i s  much less 
important than the pai+de size. The specific gravity of the bllllr of 
most sediments is nlso coiist,ant within narrow limits. It is, therefore, 
generally possible to describe the heterogeneity of the sediment mix- 
ture in a nnt4~zrrtl stream by its size alldysis, fit ~C&S& when the mixlure 
consist~s of partides predominantly in the sand sizes and coarser. As 
the deilr.rttions which follow do not introduce any molecular forces 
between sc.diment particles, they are uuton~at~ically restricted tlo the 
larger particles, in general t o  those coarser than .z 250-mesh sieve 
(Tyler scale) or 0.06 1 millimeters 111 dian~et~er. This rcstriutlion does 
not, seem to be serious, however, as most alluvial strerim beds ill the 
sense of the sbovo dcfiuitlion do not contain an apprecial~le percentage 
of particles below 0.061 millimeters in diameter. 

Consider now how it may be necessary to modify the previous 
definition of the allu-cid reach, of the sedi~nent~ capacity, and of the 
bed-load function in view of the fact thatl d l  naturad sediment supplies 
are very b eterogeneous mixtures. Again, begii I with the assump tion 
of a flow b a concrete channel. Assume s sedimcut supply itt the 
upper end of thc channel, consisting of all different sixes from a maxi- 
~liunl size down through the silt and clay range. If thc maximum 
grain is not too large to be movetd by the flow, the cllamel will again 
stay clear at low rates of sediment supply. But a n  increase of the 
supply rate WLU eventually cause scdjrnc.nt, deposition. 

Under most conditions only the cotme sizes of sedimenL will be 
deposited. It is true that a small pcrccutnge ol' the fine sedirne~~t~s 
may bc found between the larger particles WhW1 the flow is pastl, but 
this amount is generally so small that one is tempted to coriclude that 
these small particles are caught accidentally between the lwger ones 
rather than primarily deposited by tlhe flow itself. This is rdso sug- 
gested by the fact, t<hat the volunic of entire deposit does not change 
if the fine particles arc climiimted from it: they merely occupy the 
voids between the larger grains. 

A direct proof of the insignificance of tbcsc h e  ptwticles in the 
deposit can be found e~perirne~ntally. The mte of deposit, of the conrsc 
particles is a distinct function of the rate of supply. IT more coarse 
sediment is supplied a t  the same flow, all ibis additional sllpply is 
settled out, leaving constant the rate whicti the flow transports through 
the chamel. If only the rate of the fine particles is increased, how- 
ever, the rate of deposit ol these particles is not influenced at all. 

it Italic numbers in parentheses refer t o  Literature Cited, p. 68. 



This basically different behavior of the fine and the coarse particles 
iu the srt,me channel has led the au tlhor a n d  c.ollahoratlors (5) to assume 
that the fine particles in the flow still behsvo like materinl cndlsd "wash 
load" in the concrete channel, whereas the coarse particles act like the 
sediment in n strictly alluvial channel. These investigators give the 
limiting grain size between wash load and alluvial or bod load in terms 
of the composition of the sediment deposit in the bed. They state 
that all particle sixes that are not ~ignific~ant~ly represented in tqhe 
deposit must be considered as wash load. More specifically, the 
limiting size may be arbitrarily chosen from the mechanical analysis 
of the deposit as that grain diameter of which 10 .percent of the bed 
mixture is finer. T h s  rule seems to be rather generally applicable as 
long as low-water and dead-water deposits are excluded from the bed 
sediment. 

Needless to say, the assumption of a sharp limit between bed load 
and wash load must be understood as a convenient simplification of a 
basically complex gradual transition. Virtually not- is known 
about this transition today. This fact becomes apparent when the 
question is nslred: what bed coniposition can be expected to result, from 
a known sediment load in a known flow? No positive answer can be 
given to this question today. 

Another factor influencing the bed-load funcvtion is the shape of the 
channel cross section. If this sectlion is not influenced either struc- 
turally or by vegetation it is only a function of the sediment and of the 
flow. We have today no clear concept of how to analyze these rela- 
tionships rationally even though we seem, to have some workable rules 
for expressing the influence of the shape of the h o r n  cross section on 
the rate of transport,. 

After this general rliscussion it becomes possible to define the pur- 
pose of this publicailion more specifically a s  the description of a method 
by which the capcity of a known alluvial channel to transport the 
different grain sizes of its allu-xial bed at sssious flows may be 
deterrnin ed. 

HYDRAULICS OF THE ALLUVIAL CHANNEL 

From the delinition of the alluvial reach it was concluded that the 
kransport of bed sediment in such a reach always ey u d s  its capacity 
to transport such sediment. I t  is easy to conclude horn this that tlhe 
flow is uniform or ah least nearly so. The open-channel hydrctulics of 
nonuniform flow or t4he calculation of backwater curves is not, par- 
ticularly important in this connection. Where such calculations are 
necessary for ch nnnels th tit are very activelg aggrading or degrading, 
tlhey are based on the use of t>hc Bernoulli Equation as i t  is applied to 
channels with solid beds. 

THE FRICTION FORMULA 

The hydraulics of uniform flow include basica.lly the dcscription of 
the vclocity distributions and of the frictional loss for turbulent flow. 
The writer hw  found that in describing sediment transport the velocitiy 
distribution in open-channel flow over a sediment bed is best described 
by the logarjthmic formulas based on v. Karinan's similarity theorem 



with the consttnnt.s as proposed by Keulegm (11). He gives the 
vcrt,id velocity distribution as:. 

for smooth bounda:ries and: 

for hydraulically rough boundaries. The tlransition between the two, 
including the rough and smooth conditions, may all be combined in 
thc form: 

whereby s is given in figure 1 as a fumtion of &/6. 
Here.iii w e  : 

the average point velocity a t  distanc.e y from the bed 
&&= J S x  the sheer velocity 
tlic density of the water 

(4) 

the slope of the ene4rgy grade line 
the hydraulic radius 
the acceleration due to grtt~<ty % 

the distance from the bed 
the Enematic riscmsity of tIbe water 
the roughness of the bed 
a corrective parame Ler . 
k ,/.!: tIbe appam$nt, roughness of the surface 
the thickness of the laminar sublaycr of a smooth wall: 

Ncx t, a definition must be given for the iwughess, k,, in the case 
of a sediment surface. For uniform sccli~nerlt~, k ,  equals the grain 
dinn?etlcr as determined by sieving. Comparative flume experiments 
ha,ve shown that the representative urnin dietrncter of a sediment 
mixture is given by that sieve size of -i&uch 65 peseenL of the mixLure 
@% weight) is finer. 

sediment bed in motion usually docs not, remain flat and regular 
but shows riffles or htws of mrious shapes and sizes. These irregu- 
larities have some ekTect on the roughness of -the bed. Both flume 
measurements (6) and river observations (7') ham shown tlhnt this 
effect is rather consid emhl e and cannot be neglected . An analysis oI 
a large number of stream-gaging data in various rivers (7) has led to 
tshe following in~erpr etation. 



The writ,er (3) has described rt metbod by which the influence of 
side-mrall friction on the results of bed-load experimcnts may be esti- 
mated. The assumption was made that the cross-sectional area may 
be distributed among tlhe vttrious frictional boundaries in such a 
fashion that each unit m4.l  satisfy the same friction formula with the 
sarne  coefficient,^ that m-odd apply if the entire cross section had the 
same characteristics. A similar approach can be used to describe the 
friction along an irregular sediment bed. IL is assumed that on such 
a bed friction develops in two distinctly diil'erent ways: (I) along thc 
sediment grains of the surface as a rough mdl with the representative 
grain diameter equal to k,; and, in addition, (2) by separation of the 
flow from the surface nt  characteris tic points of ithe ripples or bars. 
This separation causes wakes to develop on the lee side of tohe bars, 
characterized by rollers or permanent eddies of basicdy stngnarl t 
waLer sucb tts those observed behind most submerged bodies of suffi- 
cient size. This flow pattern causes a pressure dil-ference to dcvdop 
between the front and rear sides of each bar so that part of the flow 
resistance is transmitted to the wall by this shnpc resistance, i. e, by 
normal pressurm. 

Again we may be justified in dividing tlic cross-sectional area into 
two parts. One will contribute the shear which is transmitted to the 
boundary along the roughness of the grainy sand surface. The other 
pwt will contribute the shear transmitted to the wall in the form of 
normal pressures a t  the different sides of the bars. These may be 
designated A' and A" respectively. Both types of shear action arc 
more or less evenly distributed over t!he entire bed surface and act, 
therefore, along the same perimeter. Two hydrauhc radii may be 
defined as R'=Af/pp, and R" =A" Ip,  whcrc na,turally R' + R"= Rb, 
the total hydraulic radius of tlhe bed. 

This entire procedure of division may appear to be rather artificial 
since both actions occur along the sarne perimeter. The significance 
of this division becomes apparent, howewr, when one recalls that the 
transmission of shear to the boundary is accompanied by a transfor- 
mation of flow energy into energy of turbulence. This energy trans- 
for~nation caused by the rough wall occurs a t  the grains themselves. 
This newly created turbulence stays a t  least for a short time in the 
immediate vicinity of the aim and, as will be shown later, has a r great eIfect on the bed-loa motion. The part of the energy which 
corresponds to the shape resistance is transformed into turbulence at 
the interface between wake and free stream flow, or a t  considerable 
distance away from the gains. This energy does not contribute to 
the bed-load motion of the particles, therelore, and may be largely 
n~glccted in the entire sedinwnt picture. 'This may explain why the 
dnwion of the shew into the two parts u: and u': is of first importance. 
We define: 
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From this it is und er~tanda~ble thatl the velocity distribution near a 
scdimrnt grain in the bed surface is described by equations 1 to 3 
whereby u,, assumes the value of u,. The avci-age velocity in the 
verlieal may be determined according to Keulegan as: 

fo r  a hydraulically smootlh bed, and: 

for  a hydraulically rough bed. Again, the entire transition between - 

the i;wo cases inclusive of the cxtxemes may bc espresscd by: 

Where r: is the same function of ks/6' as given in figure 4 (in pocket, 
insid e back cover), and 

A corresponding expression ;iZ/u',' may be calculated, and this 
expression must be expected to be a function of the ripple or bar pat- 
tern, basically corresponding to equation (9). Th ripple*s and bars 
change considerably and consistent*ly w i t h  d iff ercnt ra,tes of sediment 
motion on thc bed. We will see later that t h e  scdiment motion is a 
function of a flow function of the type: 

wherein r, and sf are the densities of the solids and of the fluid, 
respectively, D,, the sieve size in the bed mntcrial of which 35 percent 
are finer, and IZ' and S, are as defined previously. The expression 
Z/u',' may thus bc! expected to be a, function of g~' .  It was found that 
such a relationship actually exists Tor natural, laterally ~mrestricted 
stream channels as given in figure 6 (in pocket, inside back cover). 
Any additional frictlion, such as from banks, vegetation, or other 
obstructions must, mturally, be considered separately. 

The presence of a laminar sublayer along n smooth boundary has 
illread y been mentioned. The thiclaess 6 of this layer 11as been given 
as: 
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in which v is the kinematic ~iscosit~y and u, the shear velocity along 
the bound nry . 

Within the laminar sublayer tlhe velocity increases proportionally 
to the distance from the wall: 

u2* %=Yy (12) 

and at  the edge of the layer where y=6, the velocity is: 

~ a =  1 1 . 6 ~ ,  (13) 

From this point on out, the velocity follows the turbulent velocity dis- 
tribution of equation (1) which has the same d u e  as equation (13) 
a t  y = 6 as is shown in equation (14) : 

ug= [5.50$5.75 loglo (1 1.6)] u,=11.6 u, (14) 

The entire distribution is shown in figure 3. For am cxplauation of 
this distribution the reo;der is referred to any standard textbook of 

F I U ~  3.-burned velocity di~t~ribution near the laminar sublayer dong a 
hydraulically smooth wall. 



fluid dynainics where the viscous forces art. alwurn to be strong enough 
in the laminnr hyer to prevent the occ,urrence of t~~1'~~ulcnce, whereas 
ouf,side of the laycr 6 the turbulent action is so strong that viscosity 
effcets may be neglected. The transition between the two phases is 
rlatrmlly gradual and not as abrupt as shown in f i~ure  3,  but since 
zlothing is known nbout (he chsr:tcter of this transition the sudden 
change from one regime to the other may be, used. 

Along a rough wall the distribution of velocities is basically different. 
Einst ein and El-Samni (8) have shown experimentally that the theo- 
Mica1 boundary from which the distance y of equation (3) must be 
measured lies 0.2ks below the plane which connects the most prominent 
points of the roughness protrusions. The roughness k,  is thereby 
given by the grain diametler of which nbout 65 percent by weight of a 
sedirnent mixture is finer. It is gmerally lrluonr]., and may be seen 
from figure 4, that the wall acts hydraulically rough il' k,@>5. The 
laminar sublftycr as cdculatled for a sn~oot~h wall has, then, a tlhickness 
of 6<kd5. Witlr the roughness protrusions 0.2k, high, this laminar 
sublayer would be strongly dissected by the protrusions if it existed 
a t  all. In  reality it does not seem to cxist in these flows because the 
shear is transmitt cd to the boundary difFerent.1-y. In order to under- 
stand this niechnnism one must interpret the bouzldn~y as a sequence 
of bodies submerged in the fluid. For sufficiently large Reynolds 
nurnbers (k,/6) of the flow around the individual grains, separation of 
the flow d l  occur and a low-pressure wrtlre of still water develops on 
the downstream side of the grains. The resultant of the norrrd pres- 
sures has a, signilicant component in the directlion of the flow which 
very soon (with increasing kJ6) becomes so large that all viscous shear 
can be negIected. This is the reason wh friction formultts for flow 
along hydmulicdy rough walls (kd6>5) not contain the Reynolds 
number in m y  form. 

The local velocity distribution at the rough wall follows according 
to El-Sttrr~ni's measurements, equation (3), as closc rts 0.1 k,  from the 
theoreticftl wall; i. e, even between the roughness protrusions. No 
ineasure~nents closer to the wall exist, but the assumption that the 
turbulent velocity distribution exis 1s all the way down to zero velocity 
seeins to be as valid as any other. This point is a t  a distance yo from 
the wall which may be determined from equation (3), such as: 

to be: 

-- Uy-0=5 .75  log,, 
u* 

which becomes: 

for hydraulically rough walls. 



All velocities introduced so far are time averages. The different 
ty es of sediment motion cannot be described by these time averages 
o Jy .  Movement in both suspension and along the bed can be ex- 
plained only i f  turbulence is introduced. Turbulence is an entirely 
rand om velocity fluctuation which is superimposed over the average 
flow and which can be described today only st;fstistically 

The turbulence velocity at any point of tlhe flow has tahe following 
qualities: (1) I t  usudly has three finite components, each of which has 
a, zero time averttge. (2) The velocity flu~t~untions are random and 
follow in general the normal error law. Its in tens it.^ may be ~nessured 
by the stmdard deviation of the instantsneous ~a lue .  (3) ITherever 
shear is transmitted by the fluid, a certain correlation exists between 
the instantaneous velocity components in dircction of the shear and 
in thc dircction in which tIhe shear is trnnsmittcd. (4) As shown in 
recent, mpasuremen ts by Einstein and El-Ssrnni (8)) in the immediate 
proximity of a rough wall the statistical distributiou of velocity inten- 
sitjes must be skewed since thc pressurc variatlions are follovving the 
normal error law there. 

The characteristics indicated in the four previous statements may 
need some explanation. The first statement is the easiest to under- 
stand. One may visualize turbulence as a colnplicated pattern of 
long eddies sirnilar to the twisters and cyclones in tlhe air, but smaller, 
more twistled and intricately interwoven so that they flow in many 
diil'erent directions. If water moves past a reference point with an 
average relocity, the eddy velocities assume all directions according 
to the various directions of the eddy axes. The only exception to 
this rule of thee-dimensionality are the points very closc to s solid 
boundary. There the velocities in direction normal to the boundary 
for obvjous reasons arc smder  than the two others. 

In s t,atlcxncnt 2 the expression "random) ' needs some explaization. 
If the intensity of the velocitly component in one direction is recorded, 
the resulting curve resembles the surface of a very choppy, sea. One 
may conceive of a periodic pattern like the waves. If one tries, how- 
ever, $0 find the amplitude and wave length of this curve it is apparent 
that both characteristics change constantly in an absolutely irregular 
pattern. Itl can only be concluderd that the curve is continuous, that 
no discontimitics exist i n  the velocity itself. The stanclard dcvintions 
of thc velocity components have been measured, mainly in wind 
tunaels, 'by the usc of hot-wire anemometers, where the standard 
deviation values may be determined directly. To the writer's howl- 
edge, no measrrements have been made sufficiently close to the wall 
to show the deviations mentioned in statement 4. 

Statement 3 is the basis of the so-called "exchange-tOheory" of 
t~wbulence which is today the most important tlool for the study of 
quantitative effects of turbulence. Let 11s assume that a shear stress 
exists in the flow under consideration and tlmt correspondingly a 
velocity gradient exists in the same dxection. If, for instance, this 
shear is the consequence of the be,d friction in a flow channel, the 
nvcro ge velocities are essentially horizontal, but increase in magnitude 
witb increasing distance from the bed. This increase is the velocity 
gradient pseviuusly mentioned. If an exchange of fluid masses is 
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risualized in this flow bet,wcc.n tsvo horizontd 1aye.r~ of different 
&vrtLion, t h s  may be described by the flow velocities a t  a 
horizontal plane b c t ~ e e n  the two. In this plane the amount of flow 
going up will equal the amount going down for reasons of contii~uit~y. 

All water particles going up have a positive instantaiieous vertical 
velocity whereas the velocity in the downward direction is termed 
i~egat~ive. All these fluid masses which move vertically through the 
horizontal plane have a horizontal velocity a t  the same t h o .  Lot us 
call t<he horizontal velocity fluctuation positive if the velocity is higher 
than the ax-erage at  that elevation, negative if it is lower. The 
import,ant point is that all water particles moving down though the 
plane from above originate from a region of higher average horizontal 
velocity. There exists a t$endency, toherefore, for the horizontal 
velocity flucluation to be positive whenever the vcrtkd velocity is 
negative. Similarly, the tendency is for the horizontal velocity 
fluctuation to be negahive when the vertical c.omponent is positive. 
The correlstlion coefficient, which is the ink cgral of the product of tohe 
two in~~antaneous velocities over a given time divided by the product 
of the stlandad d e ~ a t i o n  of the two, thus has a tendency to he negative. 
Tts value gives a measure of the -vertical moven~ent of horizontal 
momentum through tlhe plane, which rcprcscnts a shear stmss. 

This exchange motion tran~port~s not only mass md mon~ent~urn 
through the reference plane, but also hcat and dissolved ttnd sus- 
pendcd rnatlter, as explained under "Suspension." 

Statxment 4, pertaining tlo the stfitisticd distribution of st4at3ic pres- 
sure near the bed, is based on cnqirical findings, t!he significance of 
which is so far neither fully understood by itself nor in connection 
witah tthe creation of turbulence in  the boundary region. In this study 
the result has been used tlo great, advrtntage, however, despite the lack 
of a full understtanding of its general si gnificance. 

SUSPENSION 

The finer particles of the sedimenti load of streams move predom- 
innnt!ly as suspended load. Suspension as a mode of transport is 
opposite tqo what Bagnold c,allcd "surfncc creep" and to what he 
dcfincs as the heavy con~cnt~ration of rnot#ion immediately atl the 
bed. In popular parlance this has becn called bed load, although as 
defined in this publication bed load includes only those grain sizes of 
thc surface creep which occur in significant ainounts in the bed. 

The charnctcristic definition of a snspendetl solid particle is that 
its weight is supported by the swrounding fluid during its entire 
motion. While bein moved by thc fluid, the solid particle, which is 
hea-iiier than the fluiz, tcnds to settile in thc surrounding fluid. If the 
fluid flow h s  only horizontal velocities, itl is impossible to explain 
how any sediment particle can be permanently suspended. Only i l  
the irregular motion of t!he fluid particles, called t1wbulcnce, is intro- 
duced can one show that sediment may be permanenfdy su spanded . 

The effect of the turbulence velocities on the main flow nTns de- 
scribed in the discussion on hydraulics by reference to the fluid ex- 



change. This same concept is used to describe suspension. Since the 
rert.ica1 settling of pnrtir1c.s is counteracted by the flow7 the veri ieal 
c,omponent of turbulence as described by the cerlicstl fluid exchange is 
effective. Assume a turbulent open-channel flow. The sectlion may be 
wide, the slope small. Consider a wrtical sxfliciently far from Lhe 
banks to have two-dimensional flow conditions. On this vertical 
choose a, horizontal reference section of unit area at a distance y 
from the Fed. IVhile the mean direction of flow is parallel tlo this 
area, the ~ertical  velocit) fluckuations cause fluid to move up and 
down through the section. Statistically, the same amount of fluid 
must flow though the area- in both dire~t~ions. To simplify the pic- 
ture, assume an upward flow of velocity (v) in half tho area and a 
downward flow of the same velocity (-v) in the other half. The 

I 
oxcl-range discharge tlhough the unii, area is q,=-  v .  If the exchange 

2 
1 t d i ~ ~  place over an avcrnge ciistance of I, rtt elevation y it can bc 

assumed that the downward -moving fluid originstxs, as an average, 
I - \  

from an elevcttion y +- I while the upward -1no-ving fluid originates ( 
from (y -il,).  The imporhnt assump tion is made tlmt the fluid 

preserves during its exchange the qualities of tho fluid al? Lhe point of 
origin. Only after colnpletjon of the exchange tim$ el over the dis- 
tancc Z, ndl i t  mix with tho surrounding fluid. From this it is possible 
to calculate the transport of a given slze of suspended particles with 
a lmown settling velocitly v,, if the concentration of these particles at 
y is ev. The upward motion of particles per unit. area arid per unit 
toime is: 

and t he  rat,e of downward motion is: 

1 
C ( # , ~ , ) ~ ~ + + ~ J  

The net upward lslot*ion is thercfore: 

1 
- 2 c ( I t - ;  l c )  (e-ad-? 2 c (v+i l e )  + 4 (1 9) 

Neg1cc.ting a11 higher terms, the concentrations may be expressed as: 
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Intlroducing these exprcs:ssions (20) in equation (1 9) i,he net upward 
mo Lion is: 

Most interesting is the equilibrium status s t  which thore exists no 
net flow in either direction: 

In equation (21) both u m d  1. are uiilmowm. It is cuslomary to 
assuinc that these two values m e  equd to the corresponding values 
in a similar equation for the exchange of momentmi though the same 
area. Assuming that tlhc shcnr d!le to visc.osity may bc neglect4cd 
compare,d with that due to momentum transport, the depth d may be 
in troriuced: 

From this we ca1cCula te : 

Using equation (3) for the velocity distribution we may calculate 
duIdy : 

Introducing this value into equation (22): 

1 d-y - d,=-0.40yu*---- 2 d 

This vdue may be used in equation (2 1): 

d-y dcv c,v,=0.40yu, - - 
d dy  



Se.pmnting the variables: 

and introducing the abbreviation: 

we can integrate this equation from a to y 

This may be r e ~ i t ~ t e n  in the form: 

- "=(d-Y y 
G, y d-a 

a.nd may be used to calculat,e the coi~c.entrat~ion of a given grain 
size with the settlin velocit$y v, ah the dist,ance y from the. bed, if the a concentration c, of t e same particles a t  dista11c.e a is Emoma. 

This entire derivation is bascd in part on t,lle sssumption that the 
insLantaneous velocity of any suspend ed particle is I hat of the sur- 
rounding water plus its o m  settling velocit,y in this fluid, the two 
velocities being added vec'toridly. This makes tlhe horizontal velocity 
component of the partide equal to that of the surrounding water. 
This allows us to calculate the flow rate of sediment particles at 
elevation y per unit area and time: c,Z1/. In order to see how this 

.rate changes over the vertical we may assmc i&, to bc about constant 
as the logarithm changes very slowly compared to the power function 
of c, which equals zero at  y =d and becomes infinite a t  y=o. An 
infin.de concentration is an impossibility. None of the distributions 
can, t41wreforc, follow equation (29) down to tIhe bed, but there is no 
reason why they should not do so up to the surface. 11 the transport 
by suspension is integrated over the vertical it is very reasonable to 
begin the iniiegration at  the wntxr surfrtce rtr~d to intlegmte down too 
the depth y. We see later how far down the suspension actually 
d eterlnines the tlransport, 

INTEGR4TION OF THE SUSPENDED LOAD 

The integral of suspended load moving through Lhe unit width oI a 
cross section may be obtained by combining equations (29) and (3). 
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This long expression may bc slightJy shortsned by ttakkg sane of tho 
constant factlors out of tlhe integral! and it may be simplified by 

,Ion a. referring the concentmtion to that at the lower limit of integrst' 
By replacing a by its dimensionless value A=a/d, and using d as the 
unit for y, we obtain 

In order to reduce the t4wo integrds in e uation (31) into s basic 
form, the* log y is changed from base 10 to nse e of tlhe natural log- 
ari thms using the relationship 

B 

As log,, (e) has t$he vdue of 0.43429 we may writle equation (31) in bhe 
form 

y measured with d as unit 
A = a]d 

- U,=&&=~W 
Hcrein are: 

q, the sediment load in susycnsion per unit of width, measured 
in weight, moving per unit of time bct4ween the water surface 
and the refe.rence lev el y= a 

u, the shear velocity 
c, the reference conceutration at  the level y = a. (ca is measured 

in weight per unit volume of mixture). 
A the dimensionless distance of this lower limit of integration 

a from the bed. A=z 



z d e b d  in equation (27) :is the sci iling velocity v, of the 
particles divided by the Karmcm c.onsi.nnt 0.40 and the 
shear velocity v, 

y the variable of integration, the dimensiodess distance of any 
point in thc vertical from the bed, measured in water 
depths d. 

Equations (33) and (34) are true to dimensions. Any ctonsistrent 
system of units d . l ,  therefore, give correct. rrsdts. The Cwo integrals 
in equation (33) cannot be integrated in closed form for most odues of 
z. The numerical integration of the tlw o integrals for a number of 
values of A and x was thus the only possible solution of the problem. 
After a survey of the rtveilable methods of approsch it was decided 
to use the Simpson formula, integrating the two expressions in steps, 
whereby eac.h series oI integrations for a constant z wluc would pro- 
duce an entire curve of integral values in func,tion of A. Each such 
integration was started from y = I and prqceed ed ton-urd smaller 
values of y. Table 1 gives a sample sheet for suc.h a calculation. The 
values are calculated there for z=0.6 and for l>y>O.l. By this 
same  neth hod the entire range 1 >y> 10-%as covered for the values 
2=0.2, 0.4, 0.6, 0.8, 1.0. 1.3, 1.5, and 2.0. In addition, z=l.O was 
intepaled in closed form, as were some values for z=0, 1.5, 2.0, 3.0, 
4.0, and 5.0. Values of z n b o ~ e  5.0, were considered uiiiinportant for 
the problem in question, because only particles with very high settling 
velocities would hale z>5.0, and these particles move almost ex- 
clusively as surface creep. 

The calcule t ions were then spot-checked by means of a method 
based on the development of the functlions into binomial &nd poly- 
nomial series, with the original calculation carried through to 6 signi- 
ficant figures. IL n as found that the derived integral values mere 
always cor~ect to u i t b  at least 0.1 percent; i. e. to slide-rule ac- 
curacy. Most of the values given in table 2 are more accurate than 
can be obttiined on a slide rule. 

Tablc 2 ives a list of all the values for the two integrals, J1 and J2 
calcxdated g y means of the Sirnpson formula. 

Table 3 givcs in addition the comparison of some d u e s  as calculated 
by the Simpson rule with those det.ermined by closed integration for 
the exponent Z=1.0. The other integrations chec,ked in similar 
frtshiou u ith the largest deria t4ion near A = 1 . for small v;~lues of z. 

Table 4 gives thc intcgrnls as d y e d  in closed form for exponents 
Z=0; 3.0, 4.0, and 5.0. 

For practical use one needs many more values for tohe int,egals than 
those calculatled so far, even if the valucs of tables 2 and 4 cover ilhc 
entire range of practicdy important A and z vrtlues. Thc full 
coverage of the entire field is arccomplished rnore easily by graphic 
interpolation than by calculating additiorlal intcgml dues. For 
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using the S impson formula 
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Log, (7) 
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1 Integrals calculatecl in closed form. 
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with 

Herein (11.6 u,) is the  flow velocity at  the outer edge of the laminar 
sublayor in case of hydraulicnlly smooth bed, or the velocity in a 
distance of 3.68 roughness diameters from the wall in case of a rough 
mall. It is a good measure for the order of magnitude of the sediment 
velocity near the bed. The symbol c, stmds for the sediment con- 
centration a t  a dist%nce a from t4hc bed. The integral values Il and 
1; are plotted in figures 1 and 2, respectively (see charts in pocket, 
insidc back cover). 

LIMIT OF SUSPENSlON 

Equation (29) shows that at the bed and in a layer near the bed 
t,he concent rittivn becomes s ery high, inIinite in the limit. Obviously, 
not more sediment partic~les can be present in any cubic foot than 
there is room for. The maximum is about 100 pounds per cubic foot. 
If, on the &her hand, this concentration were assumed to exist 
a t  the wall, at y=O, then the rest of the sectlion would have zero 
concentration. This further demonstrates that the suspended -load 
formula (29) cannot be applkd nt the bed. 

Thc mixing length I ,  has been d efincd as the distance which a water 
pmtide travels in a vcrtical direction before i t  mixes again with the 
surrounding fluid. The actual size of L, and of the fluid masses 
which ns a unit comprise this exc,hange motion mas not consic-lered . 
It was pointed out, howevefr, that I ,  is not a differential or a dimension 
of infinitely small magnitude. By correlation measuremenil, csp ecidly 
between velocities in mind-tunnel flows, it has been found that thc 
order of magnitude of I ,  is the same as that of fluid masses which 
as a unit, nialre the exchange motion. It was found, furthermore, 
that both decrease proportionally PFith tlhe distance from the wall. 

WLat happens to the suspentled partide cts it movcs near the bed? 
Suspension, as deiined herein: is obviously meant to describe t4he 
mo tioh of a small particle m o ~ g  around in a fluid with a rather small 
velocity gradient: Only then does t31c "velocity of the surrounding 
fluid" have a, meaning. By means of the pmarneter k ,  tohis normal 
case 01 suspension may be easily expressed whcre t3he grain diameter 
L) is very small comparcd to tlhe mixing length I,. I t  has been shown 
that I ,  becomes smaller and smaller as the bed or any wall is up- 
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pros&cd. There, the velocity of the sur~~ounding fluid as such has 
little me,aning, because on one side oI the grain tthe instmlaneous . 

velocit~y fluctuation may have one size and direction, and on the 
other side it may be entirely different. The resulting effect on the 
particle may be stlresses in all directions, but. the resulting hrce 
becomes negligible. One might say tlhat the water only tickles 
the grain ; it cannot push it. The value 1, cannot be used there 
to express tohe particle motion acc,ording to equation (21). In  the 
extreme mse of veiy smdl I ,  values the particle is never supported 
by the flow and settles out. 

The flow layer at  the bed in wluch the mixin lenglh is so small 
that suspension becomes impossible has been foun f to be about 2 grain 
dis1nete.r~ thick. This may be desigmted as t,hc "bed layer." It1 
reality, the region in which suspension degenerates is not sharply 
defined, There exists rather a gradual transition to the rest of the 
flow. It is feasible, nevertheless, to idealize the condition by intro- 
ducing a sharp division between the bed layer and the bulk of the 
flow, as is customw.y in the case of the laminar sublayer. These two 
layers, however, are entirely independent, as indicated by the fact ttrat 
the thickness of the bed layer is defined in terms of the grain diameter, 
Nhich does not influence the sublnyer. (See equation (5)). Siuce 
most sedin~e~nt beds am mixtures of various grain sizes it is neeessay 
to introduce a separate bed-la er thickness for each grain size, while 
the laminar sublaycr is natura fi y the same for every grain in the mix- 
Lure. Certain difficulties arise the two layers have aboul Ihe 
same thickness. These difficulties will be covered h e r  in discussing 
the bed-load motion or surface creep which is Che mode of motion 
inside the bed layer. 

PR..ACTICAL CALCULATION OF SUSPENDED LOAD 

The following equations are used for the calculation of suspended 
load : 

Equation (3) for velocity distributio~~s. 
Equation (9) for the frictional loss along the bed surface. 
Figure 5 for additional shape resistance of sediment beds 111 nnturd 

rivers. 
Equation (29) for calculating the sediment concentration. 
Equation ' (34) for the total suspended sediment load. These equa- 

tions include a number of variables and parameters which need some 
expla8nation. First, equation (3) gives the velocity distribution near 
an even bed of the roughness R, (measured as n representative grain 
size). It may be applied, therefore, near the back of a bar. The 
value u:# assumes then the value ui. The parameter x is to be read 
from figure 4. The roughness k,  for a natural sediment mixture may 
be determined from the ~nechanicd rt~nuJysis of the bcd material as 
that size of which about 65 percent (by weight) is finer. Ths rule of 
thumb has been checked very often and has never failed. 

Equation (9) and figure 5 need no additional cxplanatiou. 
In  equrttiou (29) the relative position of y and a, is imrnaterid. 

Neither of them may be inside the bed layer, however, so Lhat 2 0  is 
the minimurn vttluc for both. The rclution a=2D may be used us a 
rule of thumb. In the parameter z the settling velocity v, for sand 

893378"-31-4 



and gravel may be read from figure 6 (in pocket inside back cover), 
which rel~rwent~s a replot of Rqubey's equation (17) and which seems 
to be fairly reliable, more so than theoretical curves based on t-he 
settling of spheres. Again, tlhe value u: ma,y be used for u,. 

It is clew from the preceding explanations that the different sedi- 
ment sizes must be calculated individually. In this connection the 
question a;li.seg as to how large the indiT.idua1 size ranges can be made 
~yit~hout impairing the accuracy of the resdts. No systematic study 
has been made in this respect, but it was found that the colzvcnieat 
nmge of f l  as suggestled by the standard sieve-sets is very salisfac- 
tory. Several times, when the range of sediment sizes in a river was 
rather large, the range according to sieres a t  a factor 2 was tried and 
no deviations larger than 10 percent were found. As a rule it will be 
sufficient to cover the bed sediment of n stream by six to eight size 
classes. 

AU these relationships, graphs and rules may best be sxplsincd hg  
an example. 111 a wide strmrn ~ i t ~ h  n water depth of 15 feet itid u 
slope of 2 feet to the mile a suspended load sample mas taken 1 footl 
above the bed. The sample conti%hed 1,000 parts per  nill lion of 
secliment of n-hich 10 percent. was coarser than sieve No. 60 (0.246 
millimeter) nlld finer than sieiic No. 42 (0.351 millimeter). The 
representative roughness of the bed is 1.0 .millimeter and Das=0.5 
millimeter. ?Vith these figures in mind three questions may be 
asked : 

(I) I4ow much sediment is moving in suspension above the sam- 
pling point per foot of widtlh? 

(2) W%nt is the concentration a t  the edge of the bcd layer? 
(3) TVhzlt is the total suspended load per foot of width? 
The solutions to these questions are found as follows: 
I .  Ill  sol^^ the problem some preliminary values - -  - 

calculated. 
If R' is assumed to equal R=d = 15 feet, the stdue 
calculated using eq~ration (I 1) : 

inuat f i s t  be 

of 9' may be 

2.68-1 0.5 5 2 8 0  
9'=(T) -- 305 -- 15.2 -0.484 using feet, seconds, and 

pounds as the unitts. 

The following numerical values are used: 5,=2.68; 1 mile= 
5,280 feet; and 1 foot4= 305 millirnctcrs. 

U Figure 5 gives then -= 1 10 
24; 

Equation (8) gives Z= 32.2675 loglo (12.27 
1.0 

g=32.2 f t . / s e ~ . ~  
11.7 ft . /s~c. with the accelemtion of gravity asswned to be 
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11 7 Now u$ m y  be c&ulat,ed ut' - -= 0.1 0 6 foe t per second. From *- 110 

This gives a first correction for R' 

R'= 15.0-R"= 14.08 feet*. 

Now a second approximation is obtained: 

= 11.3 feet per second 

" 1 ' 3 - ~ . ~ 1 6  feet per second U*=-- 98 

Straight line ext~rrapohtion permits us  to try: 

Rf'=1.13 feet 

Rf=13.87 feet 

= 1 1.2 f e.et per second 
u;=-- 11'2-0.119 feet per second 

94 

riff=: * ' Ig2 --- 5280=l.16 feet, which is sufficiently close 
32.2 2 

R'= 15.0- l . l6= 13.84 feet 



The average gr:tin size D for tho range is given by the geometric 
mean of the range limits 

At the point of sampling A=== 0.0 6 67 15.0 

k,= 1 rnillimeter=0.00328 feet 

x= 1 .OO (from figure 1) 

c,=O.lO 1'000 62.4=0.00624 pounds per cubic foot. 1,000,000 . 

The exponent z is calculated from the settling velocity 

vs=0.125 feet per second- 

using equation (35) and the graphs for I, and G, figurcs 1 md 2, 
rcspecCively 

=0.0298(6.99-0.87) =O. 183 pounds per second-foot 

which is the sediment transport per foot of width above the 
sampling st,ation. 

2 .  The sediment concentration at the edge of the la~niuas sublayer 
for sediment between 0..246 and 0.351 millimeters is calculated from 
equation (29) directly. 

y =20=2~0.000964=0.001928 feet . 

a =1.0 foot 

c,-0.00624 pounds per cubic foot 

z =0.760 

d =15.0 feet 



15.0 1.0 o.ieo 
= ( y d-a z y = 0 . 0 0 6 2 4 (  0.001928 m) 

=0.764 pounds per cubic foot 

3. The total suspended load of particles between 0.246 and 0.351 
millimetlers is calculated from equation (34) for the reference level 
A a t  a=2D. 

ca= 0.764 pounds per cubic foot 

I, = 5.62 )from graphs, figures 4 and 5, respectively r,= - 19.7 

=0.00702[66.5-19.7]=0.329 pdunds per second-foot of which 
0.329-0.183=0.146 pounds per second-foot move within a foot 
from the bottom. 

This provides tqhe full solution of trhe problem. The only part which 
cannot be calc~la~ted directly is the division of K intlo R' and R". 
Trial-and-error methods must be used. It is possible, however, to 
calculntle the entin curve at  R against R' by firsl assuming values of 
B', then c.alculating R" and R and plotting the results as a curve. 
The value of R' mtLy then be read from the crrve for any R value. 

BED-LOAD CONCEPT 

It has been demon~i.~rated t4hat the motion of sediment particks in 
the bed layer cnmot be described by the theory of suspension. The 
reason is t,hah the particles there are not '(suspended" by the fluid. 
They settle out, down to the bed. This does not imply, however, 
that they do not move any more. It only means that,, while moving, 
their weight is supported by tlhe nonmoving bed and not by the fluid. 
Accordingly, thcy move by rolling and sliding on the bed or by making 
short hops (of a few grain diameters in distance), more or less con- 
tinuously remaining in the bed layer mMe moving as bedlond or 
surface creep. The expression "surface creep" is more frequently 
used for particles that move at times in suspension. For the large 
partides which never go into suspension in the flow thc more familiar 
expression " bed load" may be used without any danger of misundcr- 
standug. 

Bed-load motion has been studied prh~dpally in laboratory flumes 
under conditions where suspension may be neglected. An exception 
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is the of cspcrimeu ts by GillwL (,9) which inclr~ded sizes 
dowIl to 0.3  01 a millimeter. A largc nuinbcr of authors have tried 
to find a s a l e  bed-load equation which would describe the lo td  
trmsport in all these experiments. The writor believes that this is 
basically impossible as inovemcnt in suspension follows principles 
~ ~ h i c h  are entirely different from those which govern bed-load trans- 
port,. Even if a general formula could be devised to describe all of 
Gilbert's experiments i t  is almost certain that this formula would not 
be applicable to the great watm depths of a natural liver. 

For the present purpose, bed load moving as surfaw creep is defined 
strictly as: the motion of bed particles in the bed layer by rolling, 
sliding, or hopping. This definition purposely excludes from bod load 
all particles finer than those of the bed. For practical purposes one 
may even exclude the finest 10 percentl (by weight!) of the bed material 
since Bhese particles do not usuall represent a stlructurd part of the 
bed but only loosely fill the pores %etween the larger yartkleles. 

The qualitatlive results of two flume experiments which can be 
easily repeated may be helpful in understanding Llx mechanics of 
bed-load motion. In the first experiment s flow is disc.hmgcd con- 
tinuously over a sediment bed and sedinie~~i is itddcd at the upper 
end until deposition causes equilibrium too be cstablishcd throughout 
thc lcngtlh of thc bed. Then cfertain particles, marked so they can 
be identified, are added fit, the upper end. 

Visual observation shows that the bed-load particles move with 
a velocity that is comparable wifh the water velocity reax the bed 
made +sible by injecting dye. By assuming that tfle bed particles 
move at  the same velocity as the flow in the bed layer, the time after . 
FF-hich the marked particles should have reached the domstreain end 
of the flume can be calculated. If 100 percent is added to this time 
for a safety allowance, one might expect to find all the marked sedi- 
ment particlcs safely in tthe deposit a t  he downstream end of the flume. 
0x1 the contrary, however, if the Ilow is interrupted a t  that instant, 
and the deposit inspected one may find only one or two of the marked 
particles there. Most of them have trrtvelcd only a small frat tion 
of the distance and are found in the stream bed near the upper end 
of the flume. This result. is not eompntibl with the assumption of 
an equilibrium condition unless an equal number of bed particles 
have been scoured from the bed during tlhc same period. This possi- 
bility may be tested by a second experimentl. Before the experiment 
is begun the water is drained f ~ o m  the flume and the bed allowed to 
dry. Dye is spriqed on a predetermined part of the bed arsa aond 
thus all the srdiment particles of that area are marked. Upon resump- 
tion of the experiment one obsert es that, gradually, all marked particles 
are eroded and replaced by others of the same type. 

The two experiments prove defini tdy  tohat an intimate rela, tionship 
exists between the bed-load molion md the bed. Actually, bed-load 
motion is motion of the; Fed particles. Lu experiments similar to the 
one described fist ,  the author (2) has shown that Lhe motion of the 
bed particles is fully governed by statis tical laws which can he stated 
as follows : 

1. The probability of a given scdiinent particle being moved by 
the flow from the bed surface dcpends on the pttrticle's size, shape, 



nlld weight and on the flow pat1tero near the bed but not on its 
previous history. 

2. The particle moves if the instnntlaneous hydmdpamic lift 
force overcomes the particle weight. 

3. Once in motion, the probability of the particle's being rede- 
posited is equal in all points of the bed where the local flow mould 
not immediaatcly remore the particle again. 

4, The average distance traveled by any bed-load particle be- 
tween conserutive points of deposition in the bed is a constant 
for an particle md is independent of the flow condition, the 
rate o P transport, and t8he bed composition. For the ~e~dirnent 
grain of average sph~ricit)~ this distance may be assumed to be 
100 grain-diameters. 

5. The motion of bed particles by saltation as described by 
Dagnold (I) may be neglected in water, as proved by Kalinske 
(10). 

6 ,  Thc disturbance of the bed surface by moving sediment- 
particles (1) map hc neglected in water. 

From t3hese findings i t  follows that the variables nliiclr at any spot 
in the bed determine the bed load are (1) the cornpositlion of the bed 
witlbin an area 100 grain-diameters horn the spot, and (2) the flow 
conditions near thc bed in this same asea. Conversely, the bed-load 
rate is not iduenced by a slow change of the bed location as long as 
the composition of the bed does not change. The haws of the equi- 
librium transport may be used, bherefore, to describe the bed-load 
tlralnsport on a changing bed, as long as it is possible to describe the 
bed and t4he flow locally during the transition. 

SOME CONSTANTS ENTERING THE LAWS OF BED-TJ0~~) MOTION 

The following dclivation of a bed-load equation is h s e d  on a large 
amount of data obtained from flume studies and from field measure- 
ments and obser~wt~ions. One set of experiments detcrniining the 
forces acting on bed particles (5') contributed the following infoma- 
tion : 

1. The roughness diamet8er k, is somewhat larger than the 
average grain diameter. It may be assumed to equd the diam- 
eter D6. which is the sieve diameter of the grain of which 65 
percent of the mixture (by weightl) is finer. 

2. Fric,tion d o n  a sediment bed without ripples, bars or other 
isreguls.rities is web described by equalions (3) and (8). 

3. An average dynamic lift force acting on the surface particles 
of the bed may be expressed as an ttverage lift pressure p, by the 
equation 

u2 
~ L = C L  Sf - 2 (3 6) 

where cL=0.1T8, sf the density of the fluid, u the: flow velocity a t  
a distance 0.35 D3; from tlhe theoretical bed, and Daj is the sieve 
size of the grains of which 35 percent are h e r .  

4, The pressure llu~tuat~ions due tlo turbulence follow in their 
duration the normal error law, the standard deviation being 0.364 
of the average lift . 
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Besid(ls these experiments there are thc results from a large number 
of bed-load experiments which determined the sediment transport for 
a gi-ven Row over a given bed. 

The least ~omplicat~ed case of bed-load movemmrt occurs when a 
bed consists only of uniform sediment. Here, tlhe transport is fully 
defined by a. rate. Whenever tho bed consists of a mixOure the trans- 
port must be given by a rate and a rne~ha~nica1 analysis or by an 
entire curve of transport against sedimenL size. For many years this 
fact mas neglectad and the assumption was made tohat the mechanical 
analysis of transport is identical wilh that of the bed. T h s  assump- 
tion was bnscd on observation of cases where act~ual l  Ihe entire bed 
mixtlure moved as a unit, With a larger range of grain diameters in 
the bod, however, and especially when part of the material composing 
the bed is of a size that goes into suspension, this assumption be.cornes 
untlenable. Some examples of such a transport arc given in the flume 
experiments described on pages 42 to 44 of this publication. 

The mechanical analvsis of Iqhe material in transport is basically 
different from that of the bed in these experiments. This variation 
of the mechnnical analysis will be described by simply expressing in 
mathematical form the fact that* the motion of st bed pa.r.ticle depends 
only on the flow and its own ability to move, and not on the motion 
of any other particles. 

TEE BED-LOAD EQUATION 

The bed-load cquaiion by definition is the equation which relates 
t;hc motion of bed material per unit width of bed hyer to thc local 
flow. After the description of motion in the preceding chapter i t  may 
be easily understood that this equation must express the equilihrium 
condition of the exchange of bed partic1e.s. betaeeii the bed layer and 
the bed. For each unit of time and of bed area the same i m b e r  of 
a given type and size of particles must be deposited in the bed as are 
scoured from it. 

To express the rate a t  which a giver1 size of sediment pariicles is 
deposited in the unit bed area per uniL of time, lelt pB equal the rate 
at which bed load mores through the unit width of cross section and 
let i, equal the fraction of p, in a, given grain size or size range. Thus 
q,i, is the ratc a t  which tJhe given size moves through the wlit width 
per unit of tirnc. All the particles with a particular diameter D arc 
just performing rtu individual siep of 100 D or, more generally, of 
A D  Icngth. When they pass through the particular cross section 
where pl, is measured, howcvcr, itl is not, lrnown what part of ALD the 
individual particles have already travelled. They must be assumed 
to be deposited anywhere from zero to ALp downstream of the section. 
The area of deposition is A 9  long and has unit width. If p, is . 
measured in dry weight per unit time rtnd width and if AzD3 is the 
volume of a particle, o, its density, and g the accclcration of gravity, 
the number of such particles deposited per unit time in the unit of 
bed area may be expressed as: 



Thc rate a t  which sedimrnt particles of this size arc eroded Irom tlhc 
bed per unit of time is proportional to the number of perLieles exposed 
at  the bed surfac,e per unit of area and to the probability p, of such a 
particle being eroded during a second. If ib is the fraction of the bed 
sediment in the given size range it  may bc assumed that this repre- 
sents also the frnction of the surface cowrcd by prtrt3icles in the same 
size. The number of particles D in a unit area of bed surface is thus : 

and t.he number of particles eroded per unit area and time is: 

If the time, t,, necessary to replace a bed pmticle by a similar one 
were known, ithe probability of rcmotal p, per second codd be re- 
placed by thc absolutle pr~babilit~y p to be exchanged as p& = p .  Thus 
it follows that p, is the number of exchanges pcr second, t, the time 
consumed by each exchange, and p,t, the total exchange time per 
second, or the fraction of the t40tal time during which an exchange 
occurs, which is the definition of p. The number of particles eroded 
per unit area and time is then: 

No method exists today of determining experimentally the exchange 
time t l .  But experiments inbcate that tl is another characteristic 
coustant of the particle like the unit-distance of travel. ,4s such it 
must be possible to describe it without introduction of the flow. The 
time tl may then bc assumed to be proportional to the time necessary 
for it to settlle in the fluid through rt distance equal to its own size: 

and the number of particles eroded per unit of area and time is: 

and the be.d-load equation (38) shows that this ratc of scour equals 
the co~~esponding rate of deposit: 
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The probability, p, of being erodod has bcw &fined as the fractim 
of the tcotnl t i~ne  during which a t  any one spot, the local flow conditions 
cause a s~ficient1-y large lift on the particle to remove il. With d l  
points of the bed statistically equivalent, p mag also be interpretled 
as the fraction of the bed on which at, any time the lift on a particle 
of s 4ven diametler D is sufEcient, to cause motlion. 
\%'h this interpretation, p may be used to calcula.t,e the distancc 

AJI that a, particle travels between consecutive plr~ccts of rest. It 
has been shown that this distance A a  was found empirically to be a 
constmt for each size particle. As long sts p is small, deposition of the 
particle is practically everywhere possible and AL equals a general 
coi~st~ant, X, which has about the value 100. If p is not small, however, 
it must be recognized that deposition cannot occur on that part 
(p) of the bed where the lift force exceeds t,he particle weight. By 
averaging the distances traveled by the individual particles untlil they 
are able to settle out, the value AJI can be expressed as: 

(1-p). particles are deposited after traveling XD 
p particles are nol depositled after traveling AD. Of these, 

p ( I - p )  particles are deposited after traveliug 2XD 
p2 particles are not deposited after trareling 2XD. Of these, 

p2 (1 - -p)  particles are deposit.r.d after traveling 3XD and so on. 
The t!otal (and average) distance traveled by the unit is obtained by 
addition : 

as may be found easily. If this vnluc is introduced in the above bcd- 
load equation it may be rewrit,t.e.n: 

or, sepnratiag p on one side of the equation: 

Therefore, p is the probability of a particle being eroded from the bed 
and $ is defined as: 

Thus Q is a dimensionless measure of the bed-load transport; it 
may be called the intensity of bed-load tlmnsport. Being a dimension- 
less parameter it does not changc with the scale and is, therefore, 



invn,risnt between model and prototype. This relation may also be 
expressed as follows: If @ is equal in two difl'erent llows: the txo rates 
of bed-load ttra8nsport arc dynanicallp siniilar. 

DETERWINATION OF TIII~: PROBABILITY p 

Bs already noted, p is the probnbility of a particle being eroded 
from the bod, which means that the probability of the dynamic lift L 
on the pftrtlicle is larger than its weight (under water). The weight of 
the prtrticlc under water is 

W'= g(ss- sf) A2D3 (43) - 

~vhile the lift force may be expressed as 

1 L= C L S ~  - u2A1D2 
2 (4 4) 

I11 thcse two expressions all variables have heca defined previously 
cxcept Lhe lift coefficient c~ which Einstein and El Samni (8) found by 
measurement tto be cL=0.178, and the velor:itly u near the bed which 
El Sainni found must be measured at  a distance of 0.3513 from the 
theoret!icnl bed for uniform sediment. 

The forces acting on individual particles of a u,ztlural sediment mix- 
turc in a. bed cannot very wcll be measured. They must be dekr- 
mined from (.heir effect. on the movemesnt of particles. In analyzing 
the experiments described on pages 42 to 44, the following ger~cr:il 
results were fourid : 

1. The vclocity sctin on all particles of a mixture ~nust* be meas- 
ured itt a distance 0.35 i? from the theoretical bed, whereby : 

~Y=0.774 if A/6>1.80 

x= 1 . 3 9 6  if A/6<1.80 
(45) 

2. The. particles smaller than X (X>D) seem to hide between the 
other particles or in the laminar sublayer, respectirely, and their lift 
musL Lhus be correcled by division with a parameter 4 which itself is 
a flinct1ion of D/X (fig. 7, in pocket, inside back cover). 

3 .  An ndditio~ml correction factor Y was found tlo describe the 
change of the lift coefficient in mixtures with various roughness con- 
ditions. Figure 8 (in pocket, inside back cover) gives the correction 
Y in tmms of kJ6, Y hoing unity for uniform sediment. 

Using these assumptions the velocity in the expression for the 
average lift L may be written as: 

~ = ~ , 5 . 7 5  loglo ( 3 0 . 2  i . 3 5 X )  
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At any instnnt the lift force may be dcscribrd by : 

where q is a pr\anmet,er varying with time. 

NOW p may be expressed as the probability of W'/L to be smaller 
than unity: 

The value of 7 in this inequality may be either positi~e or negative. 
En both cases the lift is actually positive and must, therefore, bc 
understood on an absolute basis. The inecyuality may be written 
in absolute values : 

Introducing the abbreviations : 

Intr~clu~ing the two correction factors 4 and Y according to the pre- 
vio usly quoted assumplions, tjhe inequalitly (48) may be generalized: 

where 

4 is a function of D/X (figure 7) 

Y is a functlion of k,/6 (figure 8) 

B' = Bl@ 

P=bgl0 (10.6) 

an d 

i 
p2/& = 1 for uniform grain and s= 1 

Y = 1 for unif o m  grain and x= 1 

E= 1 for uniform grnin nnd x= 1 



Incquslity (48) may be written more convmli(~ut,ly by squ uri ng and 
division by vo, the stnndsrd deviation of 7. Introducing q=qov* 

Using thesc symbols, the limiting cases of motion may bc written as: 

As the probability for 7, values is dislributed according to normal 
error law, the probability p for motion is: 

wherc t is only a variable of inttgrtttion. 
By combination with equation (41) the fins1 bed-load e.clua.tion is 

ob tained : 

This equation appears to be very complicaLed and difficult to use, but 
it is rather easy to apply. qO, A, and 3, are wirerstd constants such 
tha,t the ecluatiorl may be represented by a single curve between the 
flow intensity @, and the intensity of bed-load transport a,. This 
relationship may be calculated frorn tables of the probability integral 
fur Lhe value 1 /ro=2.0 as determined by El Samni. The constants A, 
and B, were determined frorn bed-load experiments wiilh uniform 
grain for which @,=a and 9, =\k, Figure 9, appendix, shows a 
plot of some experimental points with the curve using A* =X.O and 
B, = 0.156. As experiments two series were used : tlh low int*ensities 
are flume studies made by the writer in 1932-35 at  Zurich, Switzerland, 
using gravel of about 27 rnillimetjers average size in a 7 X 7 foot channel ; 

1, the higher intensities are the Gilbert experiments with 0.785 millimeters 
! a~~crage grnin size. No measurements were left out from eitbcr set. 

Field experience with the applicability of these formulas is stdl 
E! limited. The forrriula can unquestiona,bly be applied to coarse seh- 

mcnt as it is alrnosL identical with most other bed-load formulas for 
low intensities. For the higher intensities which occur only with small 
particle sizes, some applications to actual rivers hnvc given encourag- 
ing results, w i l e  more applications under a wider range of conditions 
are still necessary to prove its universal applicability. No f d u r c  has 
been imcounlered to date, however. 



Although t,he conect,ion Y as n function of k,/6 docs r~ot  require any 
explanation, the correction fact#or E, which gives the etffect on thc 
~mnsport~ when the small particles of the bed hide either behind and 
betwce,n larger particles or in the laminar sublayer, necds some, 
comment. In calculating transportation rates for particles affected 
by E, one finds that the r n t ~  calculated on the basis of the curve of 
figure 7 rapidly becomes negligible as higher values of are approach ed ; 
i. e. as the grain becomes small compared to X. Tlis result seems fo 
contradict the general observations in river-sediment measurements 
to the effect that these fine particles actually represent the bulk of 
the total load. But this only seems to be a contradiction. Jn the 
earlier part of this publication, it was explained that the enLire sedi- 
ment load of a stream can be divided into two partas: namely the bed- 
~naterinl load, for which the bed-load function may be established, 
and the wash load for which no such relationship exists. 

The division between the two parts of the load was made rather 
arbitrarily s t  a special grain size determined from th c grain composi- 
tion of the bed. In reality, however, this sharp division between the 
two does not, exist and there is instead a gradual trausition. As a 
resultl, in this range of sizes part of the load 1s bed-material load, part 
is wash load. Or put anotjher may, the rate at which such a border 
particle size moves cannot be less than the bed-load rate if the bed is 
not to be changed. Additional wash load may or may not more 
without any ap reciable effect on the bed, a d ,  tl~ereforc, the maximum 
possible lopd wkch mray move without causing n change of the bed by 
deposition can be considembly higher. 

In this connection onc question of ii~t~erest is why most flume 
rxyeriments have given the minimum transport without any wash 
load. The reason apparently must be found in the experimentd 
procedure applied in the experiments. The Fed was first filled into 
the flume and the load or transport represented eroded bed particles. 
do din^ to the preceding errplanation, that is merely the minimum 
lot~d co~Jition. An alluoial river, on the other hand, often operatles 
under entirely different conditions. Its bed is being maintained by 
deposition which equals or exceeds ilhe scour. Under this condition, 
iVash load may be expected to occur. Actually this condition hns not 
so far been tested in flume studies, but there is no reason why tha.t 
could not be done. 

TRANSITION BETWEEN BED LOAD AND SUSPENDED LOAD 

Up to ibis point, suspension has been described by the exchange 
ttheory Zxtween different layers of n turbulent flow. The sediment 
load is described in thc resulting formulas in the form of conc.entrs- 
tions, or, to be more emct!, by ratios of con~ent~rations. Special 
ernpbasis was put on the fact that the suspended load theory permits 
determination only of the local distribution of the sediment but not 
of the absolute amount or rate of transport. Experience in river 
measurements, on the otlher hand, shows that certain parts of the 
suspended load follow a function-of the flow and representl, therefore, 
part of the kcd-load fuwtion, as previously defined. Tha.l fact 
cannot be explained by thc theory of suspension. Another relation- 
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ship must determilie the sediment concentration at some reference 
elevation in thc ~wtical .  
h n search for f his relationship itl is helpful to remcniber that it 

cxists only for particle sizes which are represented in the bed of the 
stream (5). This fact suggests that tlhe concentrations must be gov- 
erned from the bed up in some fashion. I t  has been shorn how the 
flow together with thc sediment composition of the bed rielermines the 
transport of sediment in the bcd layer. The relationship mas found 
to be go~eimed by the exchange of sediment particles between the 
bed hyer and the bed. I t  is, therefore: very probable that the rela- 
tionship governing the concentration at  the lower edge of the suspen- 
sion could be found by setting up an expression for the exchange of 
sediment particles between the suspension and the bed hyer. 

Such a0n equilibrium condition must hare exactly the same char- 
acter as noiwal suspension. Actually, the norlnsll suspended-load 
calculation can be extended down to the bed layer. Only the con- 
centmtion at the upper boundary of the bed layer must be determined. 
The condition of exchange can then be expressed by equating the con- 
centration at the upper boundary of the bed layer with the bottom 
corxentration OF the suspension above. 

The problem is now reduced LO the detcrmir1:xtion of the concea- 
t4rtj tion at  lhe upper boundary of the bed layer. No available experi- 
rnent,al dala eiLher support or co~lt~radict directly any assumptions in 
Lhis phase of the sediment problem. The total raic of transport, 
y,&, of a given ga in  size in the bed ?nd the thickness of the l q e r  
of 2 D within which this trans ort occurs ha.ve been deLerniiucd and 
assumed, respecti~ely. From t E ese values the avera.ge ~oncer~trat~ioii 
in the bed layer may be found. The concentration is defined as. the 
weight of solids per unit volume of mat.er-sediment mixture. First, 
the wei ht of bed-load materid in motion may be calculated for the 
unit of ed area. Let uB be the axTerage velocitly with which bed-load 
material moves in the bed layer while in motion, not including the 
rest periods. Then the weight of partides of a gken size per unit 
area is : 

The volume of the unit area of bed layer is 2 D and tlhe average con- 
centration in tbe layer is : 

I t  is probably not much in error to assume that the concentration in 
the entire bed laper is constant, since t,hc layer is only two diameters 
thick. In ordcr to leave open a possibility lor correction, the following 
equation may be set up: 
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The v&city u, is not known. BOLL the flow velocity and the trans- 
port near the bed arc functions of u,l. The two must determine 71,. 
This makes it very probable that uB is proportional to  u i  becrtuse it 
has the dimension of a velocity, too. Therefore, c. may be expressed 
in the form:' 

Thc value A, must be determined experimentally. I t  includes 
both the distribution of concentrrttious 111 the bed layer and the 
velocity of the bed load. I t  can, therefore, best he determined from 
flume experiments which compare the suspended load with the hydrau- 
lics of the flow. The set of experiments described further on under 

1 
"Flume Tests With Sediment Mixtures" suggests that 

is an a,verage value. Equation (59) may thus be mitten as: 

and the total suspc~lded load per unit width, i,p,, may be calculated 
from equations (34) and (60) 

has the same value for dl different rain sizes of a section. This 
relstionship relates transportation as %ed load to Lhat in suspeiwion 
of d l  pnrticle sizes for which a bed-load function exists. 

The total load q, may now be calculated 

in which, as shown earlier, I2 is always negative. This completes the 
presentation of the tl~eory on the basis of which the bed-Ioad function 
of a reach may be calculated. 

THE NECESSARY GRAPHS 

The following comments further explain the use of ihe working 
graphs (figs, 1, 2, and 4 to 9, inclusive) referred to in the course of the 
precediug explanation of the theory, and figure 10, work graph, 
referred to below. 

1. Figures 1 and 2 give the two integrals Il and 1, in terms of the 
exponent z and the limit A. Of these, l1 is rtlmnys positive and I, is 
always negative. For values of 2>5 the expression YIl+12 usually 
becomes smaller than 0.2 and may be estimated directly as it may be 
practically neglected against the additional 1 in equation (63). This 



Imlee,ns t h l  the particles do not go into suspension but stay perma- 
nently in the bed layer. 

2. The curve of x against k,/6 of figure 4 is derived from Kikuradse's 
experiments (15, l 6 ) ,  which used sand grains glued to steel pipes as 
roughness. The curve has always been found lo describe reliably 
the roughness of plain sand beds. Some deviatiovs may be expected 
if the range of grain sizes in the deposit is very large. Especially, 
the rather crude rule of k,= DbF, may not be tloo reliable if the sediment 
contains a,pprecirtblc amounts of silt and clay. Ds5 is the grain diam- 
eter of which 65 percent by weight is Gncr. The curve cannot be 
used for most fabricated surfaces such as steel, gal~ianized pipe, and 
yit,t,ed concrete. 

3. The curve of u/u: against P1 is less reliable than the z curve. 
I t  a,blen~p ts to describe from exis Ling river measurements the effect 
of the irregularities of a natural stream channel on channel roughness. 
Considering the wide variety of natural channels it is readily recog- 
nized that no accurate appraisal of this effect can be giveil. The 
curve given in figure 5 seems, however, to describe rather closely the 
behavior of natural channels not constricted by artificial banks, 
vcgetation, or other obstructions. Charnels djssccted by trees, by 
stable vegetatled islands, or by rock islands may show a u/u: value 
which is only about 0.7 of the curve value. Some reaches with cx- 
tlrcrnely heavy tree growLL have showed only 0.5 of the curve valuc. 
The curre does not describe friction conditions in flumes. I?lume 
mcasurcrnents may come down ho the curve, especially at high rates 
of transport, but they always seem to be much higher a t  low rates of 
transport. The side walls seem to straighten the flow so much that, 
they prevent much of the channel irrcgularity from occurring. This 
is one of the most important reasons for the uncertainty of the curve : 
it can be developed only from river rnensurements which are very 
diEcul t to make accurately. 

4. The curve of settling velocity v, lor quart-z grains against their 
sieve diameter (fig. 6) is taken from Rubcy ( I  7) for a Lemperature of 
68" F and was found to give reasonably good values. Different inres- 
tigations W e r  widely in the values for the settlin velociQ dopending 
on tlhe shape of the grains. If sediment of spec' IE c gra~ities different 
from that of quartz or at different temperatures is to be studied, the 
reader should refer to Rubey7s original paper. 

5. The curve of E against D/X (fig. 7) has been derived entirely 
from flume experimc~~t~s with mixtures. These experiments covered 
six clin'erent mixtures but obviously &d not cover all possible con~bi- 
uat4ions of grain sizes. Especially, no tests were made of unsorted 
mixtures such as those found in mountain rivers near the upper end 
of alluvial stream systems where slopes are steep. This curve is 
roughly conslant a t  f=  1 for all grains with D>X, whereas the curve 
for D<X has a slope of about 2. Tllis means that the lift force 
decreases about with D2. The same result is obtained if the effe~t~i1.e 
velocity is rtsswned to decrease linearly with the size. This effect 
could be expected to occur in the laminar flow of a sublaycr. Why 
the same curve seems to describe the reduction of the force in turbu- 
lent flow (X=.77A) is not clear. I t  may bc snti~ipat~ed that the 
curve for D<X appears Go give a minimum valuc of transport for 
the bed under consideration; no maximum curve is lmo~m today. 



6. The curve of Y against kJo (fig. 8) seems to bc w d l  defined by 
flume experiments. The scatter of the points is much smaller than 
that of the E curve. It. shows the effectl on Lhe lift. force as e-qressed 
by equation (46) if the bed as such is not hydraulicnlly fully rough. 
The relationship, a1 though entire1 y empiri ca 1, may be intoerpretled as 
R correction of the lift coefficient. 

7. The @,-tp, cun-es (figs. R and 10, in pockel, inside back cover) 
are entirely theoretical, and represent cqua tion (57). The t,hree 
constants A,, B,, and 7, are obtained, yct fully supported by reliable 
experiments. For practical purposes the use of the curve in figure 
10 iilst,ead of equation (57) is satisfsctory. The curve practically 
levels oB a t  **=25 even if,  theoretically, Q1, becomes zero only at  
q* = a. For practical purposes (Tj, may be assumed to become zero 
a t  q, = 2 5. The curves in figures 9 and 10 are identical. Figure 9 
shows tohe comparison of the theoretical curve with flume measure- 
mentls, while figure 10 is added as u. work sheet with larger scales for 
easier rending. 

FLURIIE TESTS WITH SEDIMEKT MIXTURKS 

The formulas for the determiastion of the bed-load function, 
which cover both the bed material in suspension and that moving as 
surface creep, may be testled against flume expcrinien ts. Bcd mate- 
rial goes into suspension only when it moves a t  vcry high rates and 
when its settling velocity is moderatle. The eqcrirncilts for checliing 
the gencral formulas thus must be made with high-intensity flows 
over bed material of fine sand. Reports on cxperinicnts of this type, 
which incorporate all the necessary measurcmcnts, could not be 
found in tlhe literatm-e. As a result, the writer ran n spcci:lerl sct of 
26 such experiments during the years 194446 a t  the Cooperative 
Laboratory of th c Soil Conservation Service and t4he California 
Institute of Techrmlogy in Pasadena, Calif. Six diirerent sand 
mixtures were used with various flows. 

Bed-load e~pcrirnent~s usually are performed in a flume equippcd 
with a sedimcnt feeder a t  the uppe,r end and a, s e t t h g  box a t  tlw 
dommstream end. Sediment is addcd to the flow at  the upstream 
end a,ct;ording to a predetermined ra.ie until i t  is deposited at an equal 
rate do~nstre~nm. In this may, an equilibrium rate is established 
for the prerailiug flow conditions. I11 planning test experiments which 
were supposed to covcr high sediment-discharge rates, such as 5 percent 
of the flow or up to about 15.000 pounds per hour, it h e c a t ?  imrnc- 
diately apparent that the task of weighing, leeding, mil separating 
such quantities would be far out of proportion tlo the scale of ~perat~ions 
in a f l m e  10 iuchcs wide and 30 feet long. It was concluded that 
such experiments could not be conducted fcasibly unless an en tire1 y 
different method of operation were employed. This new method 
was actually suggested by the flume itself. 

Thc flume was one of the so-called circulating types; i. e. the water 
was driven by a propeller pump after lcavirlg t1he domstlrcnm end 
of the flume. From there trhe wa.ter mTas passed though a rctum 
pipe directly back to t,hc upstream end of the flume without losing 
its velocity. I t  n as easy to operate the in~t~allation in such a m-a0y 
that the flow velocity in the entire return system could be kept irigher 



than in the flume. This p v c  the: rc:tulsn systcm s bighcr crtpacitly 
to move scdim~nt. Actually-; this capacity was so high that the 
entire load rnoving in the flumc could be transported though the 
return channel as wash load in suspension. By tlhis method the 
same pump acLually recirculated ~ont~inuously both water and 
sediment. The sediment load mas measured by sampling in a vertical 
branch of the retlwn pipe. A special study showed that the entqire 
load in tbe retmn pipc was iu suspension and very well distributed 
over the cross section. 

In this system, the f ollouing variables were measured : 
(1) During the run, the discharge was measured in a contraction 

of the return pipe, the slope of the wtttlcr surface was measured with 
stage recorders in special pressure wells a t  four 10ca~tions and the load 
was detlermined by sampling in the return pipe. 

(2) Aftcr the run, the location and slope of the bed wcre measured 
a point gnugc and the bed composition was obt,ained by sampling 

and ttrdysis. This gave directly pT ir, &, ib, Sw and Q. Thus the 
watcr dnpth d, tho arera e velocity ii, aid the slopc of the energy 
grtide line S, could be ca 5 d a t e d .  POit!h thc roughness of the side 
IV-dls lmown, RE was cnlcula.ted, and horn G and Do, of the bed the 
values 01 v!+ and R' wcre determined by trial and c m r .  From these 
values \k, and a, for the individual grain-size ranges M-ere computed 
separately with the various formulas and graphs givcn in the pre- 
ceding chapters . 

The results, which may give thc reader n conception of ihe re1ial)ility 
of the rncthod, are shown in the 4-9, graph of figure 11. The curve 
of that graph is the same as thcose in figures 9 and 10, which are given 
Tor comparison. A large nunbc:r of points we concentrated ncar the 
curvc whereas others scatter rather widely. In  judging tllis scatter 
one must remcmber that each point represents only one sieve-size of 

0.1 1 I I 
0.001 0.01 0.1 1 10 100 -_ 

9, 
FIGURE ll.-5If*-@* graph for indicidual grain sizes of flume experiments. 



one experiment. Many such grain sizes are seame; either iB, ib or i, 
may be only a few percenti As a considerable sampling error cannot. 
be avoided in the determination of the i-values, all points were omitted 
where one of the i-values mas 1 percent or less. 

As the a,,-\II, curve of equation 57, as given in figures 9, 10 and 1 1, 
is not used for the calculation of the individual @* and !I?, values, this 
graph provides additional lxoof that the approach which leads to 
equation 57 is basically correct. 

SAhlPLE CALCULATION OF A RIVER REACH 

The greatest diEculty in applying the difforeut equations and 
to a natural river channel is the basically irregular flow in such 

tt chalmcl. Each cross section is different from d l  other cross sections. 
Every vertical in a cross section is different from every other vertical. 
To the miter's knowledgo no usable theory exists bhat will peimit the 
prediction of the flow patterns in the ind i~~dunl  verticals. But these 
local flow distributions determine the local sediment rno tion. The 
next best approach would be s statistical description of the different 
local flow patterns, but not even thatl is possible wit11 our present state 
ol lcnowledge. We rnw be able to determine the ~tatist~ical distribu- 
tion of the water depths, at least for existing river reaches, bul  the 
statisticd distribution of the shear, the ui-ralues, which enter both 
the bed-load and the suspended-load equations, are still unknown. 

Sevcral authors (12, 1.4, 18) have proposed that u',2 should be con- 
sidered to be proportional to the depth d. This is equivttlent to 
assuming that the local slope of the energy gradient is tlle same for all 
points of a channel. Even though tho energy slope may hare a 
tendency under certain conditions to be more constant than, for 
inslance, the de,pth or the velocity, this assumption leads to results 
which are not a t  all substantiated by observation. If S, were assumed 
to be constant, it would be immedi~tlely apparent from equation (6) 
that u: must be proportional to the locd R'. Since the transport of 
bed load is inmertsing with increasing ui,  the deepst points of the 
chanad should always have a maximum transport. But observations . 
of both flume f l o ~ s  and river modcls show distinctlly tohat the toransport 
in the points of dcepest scour is usually vFry small or even zero and 
that the most iiitlense transport occurs in the medium depths and on 
the top of sediment bars. This may seem lo contradict a previous 
statement that, the energy slope has been found to be very constant 
along bed-load-moving flume-flows. Actoutdly, there is no con- 
t,radic tion. 

Nt1hou& the distribution of Ihe transport can be dcscribcd at the 
diflcrent parts of a sand bar, it, seems to be inipossible to measure the 
energy slopc locdly at the different parts of any individual bar. A 
significant cha~lge of the energy level is found only betveen sections 
which are a t  least one or several bars spnr.d. The two observations 
thus pertain to variations of a different! order of magnitude. 

River observations. on the other hand, reveal that in aUuvid chan- 
nels with meandering thalweg, the bars witoh shallow water depth 
often show a much larger transport than the deepest parts of the chan- 
nel. This can be explained only by an  irrepular distribution of tohc 
energy slope, both in the cross section and dong tohe flow liues. For 



want of bctter informa tion about the distribution of the shcar strcss 
over the entire bed amtt, therefore, i t  is proposed to use the arerage 
flow conditions in the desc.ription of the channel behavior. Exce.pt 
in extremely wide and flat channels, such as on debris cones, this 
method seems to give reasonably good results. 

In  practical calculations of the bed-load function for a particular 
river reach, the lftngtlh of the reach must be sufficient to permit adc- 
quate definition of the over-all slope of the channel. The channel 
itself should bc sufficiently uniform in shape, sediment composition, 
slope and outside effects such as vegetation on the bnnks and over- 
banks, that it can be treated as a uniform channel c.haractlerized by an 
over-all slope and by an average representative cross section. Such 
a section can be described by t!wo curves in which the cross-sectional 
area and the hydraulic radius are plotted @aimt the stage. 

One problem is that of det,errnining how a uumber of cross sections 
can best be averaged. As the river reach is to be treated as a uniform 
channel with constant cross section and slope, in which only uuform 
flows me studied, a r~~presentative or average slope must be found, 
together with the average section. If u sufficiently long and regular 
profile cxists for the river under consideration, tlhc general slope of Ihe 
reach should be taken from it. I n  the absence of such a profile the 
slope must be derived from the cross sections themselves. Under all 
conditions, the cross sections must be tied together by a traverse 
which gives their relative elevations and the distance between them 
along the stream axis. Then the wetted perimeter and t,he wetted 
area' are calculated for various water surface elevations. These are 
plotted in terms of the water surface elevation lor each cross section. 

I t  is fairly common usage to constmct the stream profile from the 
lowest pointls of the sections. This procedure is satisfactory for a 
long profile, If the rcnch is short,, however., the use of a low-water 
surface is more satisfactory as the influence of insignificant local scour- 
holes is excluded. If such a low-water profile is not recorded when the 
sections are surveyed, a profile found from the area-curves may be 
~ubstitut~ed. A chrtracteristic low-wa ter discharge may be selected 
for thc strreuns. The average velocity for such a flow can be estimatJed 
roughly. By division of the two one may find the corresporading 
low-water area of thc cross sections. If the water-surface points 
which give this area at  the diffcrent sections are connected, an approxi- 
inatle low-water surface is defined which represents a profile that is 
more regular and more representative than the profile of thc low points 
of the bed. 

After the representative slope is selected by fitting n straight line 
through the profile points, this slope may be used in averaging' the 
cross sectlions, This can be done by sliding all the sectio~s along this 
average slope line together into, for instlance, Lhe lomest section. 
With the sections described as two curves, namely (1) of the area, and 
(2)  of the wettcd perimeter, both in terms of water-surface elevation 



alld a11 reduced into one plane, the areas a id  the wetted pcrimctcrs 
for en& elcvation may thon bc averaged. directly. By this means, 
averages are obtained for. are?s and netked perime ters which corre- 
spond to a water-surface h e  mclined according to the representative 
slope. This makes the procedure consistent witlh the assumption of 
uniform flow. 

The averaged area and perimeter curves allow the direct calc~lat~ion 
of the hydraulic radius R in terms of the stage. The average flow 
velocity is then calculnl.ed for these R values and the discharge is 
obtained by multiplication with the ares. Each R value is thus 
assumed to be representative for a discharge over the cntire rcach. 

The proc.cdurc as outlined so Iar has been applied to a reach ol 
Big Sand Crcck, a notorious sediment carrier near Greenwood, Miss. 
This stream has a characteristic fine-sand alluvial bed although it  
drains only about 100 square miles. 

Step I :  The location of tlhe reach was determined by the locatlion 
of the only existing gaging station on Big Sand Creek. The length 
selected, a,bout 3 miles, was based upon the f o l l o ~ n g  considerations: 
The reach must be treated as a uniform channel At;h uniform flow; 
i t  must be possible, therefore, to neglect any changes of the d o c i t y  
heqad u2/2g affected by the total energy drop in the rcach. At high 
water, the flow vclocity is 10 to 11 feet per second, for which value 
the velocity head is about 2 feet. A 30-percent variation of the 
velocity head, or about 0.6 feetl, msy be expcctcd to occur within the 
reach. The totlal cncrgy drop in the reach ~ 4 t h  a lengtlh of 3 miles 
and a slope of 0.001 is 15 feet. The unccrtainty of the effective slope 
is thus 0.6/15=0.04 or 4 percent:, deemed to be tolerable. 

Step 8: Cross sections, wel l  distributed over tohe 3-mile reach, were 
surveyed and plotted (fig. 12). The distances between sections are 
shown in the profile (fig. 13). The elevations plotted at  all sections 
of figure 13 refer to the low-water level with a wettlcd area of 50 square 
feet. The ~ a l u e  50 n-as chosen as it is representative of a low-water 
flow in this stream. The elevatiorls thernsclres are taken from figure 
14, which gives for all cross sec tio~is the mett(td arca in terms of water- 
surface elevation. These valucs mrty be dei-i-ocd from the cross sec- 
tions of figure 12. Similarly, from the same cross sections, a graph 
may be derived which gives the wetted perimeter in terms of water- 
surface elevation. In the case of t;llis wide and shallow channel, t he  
wetted perimeter was assumed to equal the surface width. 

Step 8: The most probable straight line was then hid through the 
50-square-foot points of the profile shorn in figure 13 by the method 
of least squares. Thc slope of this line was detIermined to be 5.54 
feet per mile or 0.00105. This rcprcsents t,he slope of the uniform 
channel whch d l  be used in the dcterminntion of tohe bed-load 
function. 

Step 4: The average or representative cross section was determined 
by sliding all cross sections doun the channel along tthe slope 
8=0.00105 into tho plane of the section at  the lower end of the reach 
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F e e t  . 

FIGURE 12.-Cross scetians of Big Sand Creek, Miss., in their aclual position. 

Dtslunce olorlg L o f  the channel (1,000 f e e t )  

FIGURE 13.-Profile of Big Sand Creek, Miss., showing elevations of water 
surface at cross sections 40 to 51 for which the wetted area is 50 square feet. 
Stmight-line l~rofile obtained by method of leaat squares. 
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FIGURE 14.-Area stage curves for sectiom 40 to  51 of Big Sand Creek, Miss., 
in their actual position. 

sure 14 (fig. 15). This was accomplished by lowering each curve of fi, 
by the dislance 0.00105 L, in which Lz is the distance of the cross 
section from the do~nstream end of the reach measured along the 
stream axis. Figure 16 grves these transposed sections and the wcr- 
age section for all stages. The heavy curt-e connects Che averages 
and represents the area curve of the average or representative cross 
section. In a similar way the curve of the average wetted perimeter 
in terms ol siage was determined and combiiied with the area curve 
(fig. 10). Division of corresponding values from the two curves 
makes it possible to determine, point by point, the curve of the 
hydraulic radius against the stage (fig. 16). 

I t  is usually impossible to construct a cross scc.tion which satisfies 
botlh the curves of area a alllstl stage and of hydraulic radius against 
stage. The procedure i$ustrated in figure 16 is fully sati~fact~ory, 
howevcr, as it develops tlhe most representative average section with 
respect to its hydraulic behavior. FYherc no outside roughness 
such as islands, submerged rocks, or rough banks exist in the channel, 
these two curves are sufficient to define the shape and slope character- 
istics of the channel. 

Step 5: The grain-size conlpositio~l of thc bed is dete1mh.d by 
sampling. A bed which appears to be very uniform, such as that of 
Big Sand Creck, may be described by three to five samples. Each 
of the four samples listed in table 5 was it composite of thee or four 
cores, taken in the same cross section a l  evenly spaced points over t4he 
total width of the channel. The inditidual samples wesre obtained 
by means of an auger or a pipe-sampler and were taken down to 
a depth of about 2 fcet, the estimated depth of scour or active bed 
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nioven~cnt . The four samples referred to ill hblc 5 thus represent 
the average grain-size composition at  four cross seetoions which them- 
selves are well distributed over the length of the reach under considcr- 
ation. From figure 17, vi-hich is sl logarithmic-probabilitly plot of 
the analyses of the data shown in table 5, the characteristic grain 
sizes of the bed may be read. The size which enters the equations 
of transport is D3,=0.Z9 milhneters=0.00094 feet (35 percent of the 
mn~xture is fincr) ; and the size characteristic for friction De5= 0.35 
millimeters = 0.00 1 15 feet (65 percent of the mixture is h e r ) .  

For the description of more heterogeneous be,ds, more and largcr- 
s i z d  samples are required. For gravel-carrying beds it may he 
iwc!sssrp to analyze samples of severn.1 hundred pounds, espccirtlly 
il' Lhe spread of grain sizcs is large. 

TABLE 5.DZ.Stribution of gmin sizss in 4 bed samples, Big Sand 
Creek, h%s. 

Sample 
2 

P e  r cent 
1. 3 

18. 6 
47. 7 
28. 2 
2. G 
1. 6 

Percent 
1. 4 
9. 8 

36. 1 
40. 4 
9. 3 
3. 0 

Sample 
3 

Percent 
5. 7 

2'7. 5 
3.5. 9 
23. 7 

5. 7 
1. 5 

Percent 
1. 4 

15. 4 
40. 9 
35. 6 

5. 7 
1. 0 

Sample 
4 

Percent 
2.4 

1.7, 8 
40. 2 
32. 0 
5. s 
1. 8 

Avt 

Step 6 :  As thc sedimentl transport TTU be calculated for t$he grain 
sizes between 0.589 millimetlers and 0.147 n-~illirnetlers, which cover 
95.8 percent of the bed material, the calculu.tion will be made for indi- 
vidual sieve fractions using as representative the average grain sizes 
of 0.495, 0.351, 0.248 and 0.175 millimeters or 0.00162, 0.00115, 
0.00050 and 0.00057 feet, respectively. 
Hydraulic calculutions for channel without bank f r ic t ion 

Step 7: An analysis of the equations shovi that the most direct* 
approach is obtained if v a h o s  of the hydraulic radius with respect 
to the grain, Rb', are assumed (column 1, table 6). 

Step 8: From Rb' the corresponding friction velocit,y u*' is cd- 
d a t e d  using equatlion ( 6 ) )  page 9." 

Step 9: The thickness of the laminar sublayer 6 is obtained, in leet, 
from equation ( 6 ) )  page 8. The kinematic viscosity v is assumed too 
have the value 10-Vt.2/sec., which is correct, a t  a tcrnpcrature of 75" 
F. The friction velocity u,' is taken from column 2 ,  tablc 6 -  

Step 10: JVihh k,=D,,=O.00115 feet, the values of k,/6 (column 4, 
hblc  6) arc cdculated. t 

Equntion (6) as well as all other equations in this publiczllion are dimen- 
sionally correct so that any consistent set of units may be used. In table 6 and 
all following tables, the engineering system of foot-second-pound units is used. 
The %due of zi* thus is oblained in feeiper second (ft./scc.), if 8, is introduced as 

, a tangent (8,=0.OOlO3), Rb-' in feet, and ~ 3 2 . 2  ft.jsec.2. 
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FIGURE 16.-Description of the avcragc cross scction, Big Sand Creek, Miss. 
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FIGURE 17.-Average-grain-size analysis of the  bed, Big Sand Creek, Miss. 



1 
- 

Feet 
0. 
1. I 
2. I 
3.1 
4.1 
6. I 
6. ( 
- 

vl. E k./a 
--- 

2 3 4  
--- 
Feet 

TABLE 6.-Hydraulic calcuhtion for Big Sand c ~ e e k ,  Miss.' 

I ner  I 
Feet 
per 

second 
2.98 18.8 0.17 
1.49 27.0 . I6 
.75 51.0 .13 
.60 87.0 -10 
.37 1MI. 0 .07 
.30 240.0 .06 
.25 370.0 . W  

1 Expliinnt,ion of symbols in Appendix, 11. 69. 

14 

qqu.are 
feet 

14C 
24C 
42f 
641 
9i.c 

1,46E 
2,40C 

Ha 

12 

B'eeeel 
1.36 
1 76 
2.50 
3.30 
4 14 
5. O i  
6. OR 

Cubic 
feet per 

Feet second Feet 
I03 409 5.2t 
136 1,065 9.M 
170 2,82018.0 
194 5,380 25.6 
234 9,620 33.0 
289 16.550 40.0 
398 30,220 47.0 

Stagc 

-- 
13 

-- 

Feet, 
150. 
150.' 
lYL. 
163.: 
154 : 
156. 
159. 

S p a r e  
Feet Feet feet 
160.2 108 141 
161.0 130 2M 
152.8 IS3 6GC 
155.4 2AS 1.09C 
158 4 349 2 OM 
161:0) 449 3: IN 

Cubic I I 
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Step 11: The con.ect,ion r for the t4rernsition from smooth to rough 
boundaries may be rcad f ro~n  t8e graph of figure 4 (columu 5, table 6). 

Step 12: The values of tho apparent roughnrss A=ksPx are calcu- 
lated in feet (column 6, table 6). 

Step 13: Now, the average flow velocity Z is calculated from 
equation (9), page 10 in feet per second (colun~n 7, &able 6). 

Step 14: Next, for the determination of the frictional contribution 
oI the channel irregularities, the pttramete,r .If' is calculated according 
to equation (1 I) ,  page 10 (column 8, tllble 6). The parameter @' is 
dimensionless, as is the ratio of the densities, which may be dotermined 
as follows for Big S a d  Creek: 

in which 8, is the specific gravity of the solids and has a value between 
2.65 and 2.68 for niost natural sediments. D36 and Rbf must be 
entered in the same units, for instance in feet (D,,= 0.00094 feet), and 
the slope S, of the energy gradient as an absolute figure (Sc=0.00105 
for Big Sand Crcck). 

Step 15: From Ggure 2, the values of Zlu," (coluinn 9, table 6) are 
read for these W values. 

Szep 16: u," is calculated in feet per second (colurnn 10, ta,ble 6). 
Step 17: Equation (6), page 9, in the form 

allows the calculation of B c  (column 11, table 6) in feet from u,N 
(column 10, table 6), &=0.00105 and g=32.2 f t . / ~ec .~ .  

Sfep 18: The two components Rb' and Rot' are usudly the only 
components of the hydraulic radius Ra pertaining to the bcd and may 
be added directly 

as is done in column. 12, table 6. All R ~ a l u e s  are measured in feet. 
LS or Step 19: FVhere no additional frict8ion such as that from. banl- 

vcgeLation must be introduced, Rb represents the total R of the 
section. In t h s  case, the total cross-sectional area AT in square feet 
(column 14, t d ~ l e  6) and the cliamcl width (wetted perimetm) pl, in 
feet (column 16, Cable 6) are read directly from figure 16 for each 
R value. 

Step 20: The flow discharge Q in cubic feet per second (column 16, 
titble 6) is calculated as 

Step 21: The rating curve of figure 18 for the average section, as 
shown in figure 16, is obtained by plotting the discharge & (column 16, 
t&lc 6) agaiilst the stage (column 13, table 6)) which itself is read 
directly from figure 16 as a function of R. As the entire discharge 



~ t , i n g  curre is ncded,  it is not too import.snt w1ic.h points are 
a c t , ~ d y  cdculated. The choice of the points may be made, therefore, 
according to the greatest ease of calculation. 

Discharge (cubic feet per second) 

FIGURE 18.-Rating curve of the avcragc cross section, Big Sand Creek, l\rIiss. 

Whenever a chaunel has wetted boundary arcas which consist of 
material different horn the movable bed material, or il some wetted 
boundt~ry areas are covered with pernlancnt vegetation, these areas 
represent what have been called "bank surfsces" and must be intro- 
duced separately in the ~~alculation. T7C%ct11~cr a given small percent- 
8ge of "bmk surface" has an apprecittblc influence, or not, can be 
determined only by a trial calculation. 

The calculation with bank friction is usuu lly somewhat complicated 
by the fac t  that this additional bank friction must bc considcrcd in 
terms of the stage and not in terms of the bed friction K< OF lib. A 
trial-and-error method must therefore be used for its solution. Up 
to and including the determination of Ra by equiation (64) (step 18), 
-this callcula tiou is identical tlo that without b d  friction; but with 
bank friction? Rg is not equal to the total hydraulic radius IZ of the 
scction. Instead of this simple equality, tlhc procedwo previously 
outlined by the author (3) must be used. The banks are assigned a 
separate part A, of the total cross section A,, a wetted perirnctcr p ,  
of the bade surIace and a hydraulic: radius IZ, defined by equation (66). 



If A is tillat part of the cross-sectionel nron pertaining t40 the bod and 
if no frict,ion acts on the flow except that on the bed and that on the 
l~anks, the following q u a  tion holds : 

in which AT is the total area of the cross section. The partial areas 
may be expressed by the hydraulic radii 

The hydraulic radius of the bed R, is cslcul~t~ed in terms of Rh' (column 
12, table 6) while R, may be calculated for each Rbf value and the 
corresponding average velocity u from equation (69) ' 

for nny chosen roughness of the banks n,. This assumes that the 
average flow velocity in all parts of the cross section is the same as 
that, of thc total section and that the proper friction formula may be 
applied to each part of the cross section according to its frictional 
sm.Stcc independent of the friction conditions in the remainder of the 
cmss section. Choosing, for instance, a vrtlue of n,=0.050 for the 
bn,iilss and using the average energy slope, 8=0.00105 and tbe average 
velodtics of column 7, table 6, the Rw values of column 17 result, also 
in Sunctiou of Rbf . 

The p valucs of equation (68) are not deiermnined in funclion of Raf , 
* 

homeve.r, but in terms of the stagc of figure 16. The curve of pb has 
been adequakely described. The curve for p, is assumed arbilrarily 
as a straight line defining p, as twice the height; of the water surface 
above eslevation 150.0 feet. The Big Sand Creek cross sections do not 
give information on the bank roughness, but photogmphs and some 
notes made by a field inspection gave a basis for developing this curve, 
as well as the assumed v a l ~ ~ e  for a,,'= 0 .O5O. 

Alternate step 18: With pa and p,  functions of the stage, which 
itself is related in figure 16 to the total $&re% AT, with Rb m d  Rm a func- 
tion of Rbf ns the flow velocity, and with equation (68) tlying them to 
A, rtnd the p ralues, only a trial-and-crror method may be used to 
find solutions. Figure 19 shows how this is done. The AT sta e-curve 
of figure 16 is intersected by short curves, the points of wkch are 
obtained by calculating A T  values according to equatjon (68) , assuming 
for ,each such curve the Rb and Rw values according t,o one' of the cal- 
culated Bar d u e s ,  with pp and p, varying according to the stage. 
Plotting the calculatled ( p ,  Rb+pw Rw) values against, the assumed 
stages, it is clear tlhat the actud AT points are found for the calculated 
lib1 values a t  t,he intlersection polllls with t!he AT curve. 

Alternate step 19: The elevations of intersection are given in figure 
10 and used in column 18 of table 6 to determine pb (column 19, table 
6) and AT (column 20, table 6). 

Alternate step 20: The discharge Q (column 21, table 6) is calculated, 
using equation (65), page 53. 
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FIGURE 19.-Trial-and-error determination of the rating curve with bank friction 
Big Sand Greek, Miss. 

Alternate step d l  : The result. is plotted in figure 18 together with the 
curve for the sttme section nctglecting bank friction. It is interesting 
to note that the discharge for a given Rb' changes very distinctly with 
the introduction of bank friction, but that the rating curve is not 
greatlly affected. The values of RT, which must be used as the a-vera.ge 
deptlh in the calculation of A for the suspension-integrals, are defimd 
arbitrarily by 

and are given in column 22, table 6. This completes the purely 
hydraulic calculrttjons of the river reach with bank friction. . 

The sediment transport is calculated for the individual grain-size 
fractions of the bed and for the entire ran c of discharges. In this % connection, it is advantageous Lo distinguis in a separate table the 
steps which are common to all grain sizes from those which must be 
performed separately for each grain size. As the calculation of tmns- 
port rates isgerformed for the flow rates given in table 6, these calcu- 
lations asre added to that table as columns 23 to 27. The transport 
cdculaiions for the channel without bttnlr friction we shown in table 
7, and those with bank friction appear in table 8. 

These two calculations are not significantly different; c. g., for tho 
determination of A without bank friction the hydraulic mdius Rb is 
used (table 7), whereas R, is used when bank friction is a factor 
(tablc 8). As comparison of the two tables \d l  show, the only 
important Merences between the two calculaLions are in the strictly 
hyclraulic relationships, as in the variation of pb and of Q for equal 
Rb' values. 



TABLE 7.-Sediment transporta.tion calculated for Big Sand Oreek, fiIisn. No bank -friction considered ' 

I t  

Pounds 
per sec- 
ond-foot 
0.0380 
.O9t8 
.281 
,617 

1.20 
2.13 
3.48 

.W54 

.227 

.910 
2.44 
5.65 

10.4 
19.6 

.0345 

.250 
1.70 
5.95 

15.6 
32. 0 
59.5 

.00312 

. loo  
1. 26 
4 50 
9. 68 

20.0 
30.8 ' 

l0JD 

-- 

1 
p- 

F e d  
1.62 

Pounds 
per sec- 
ond-foot 
0 0267 

0'61 
115 
180 

.253 

. 316 

.380 

.0471 

. 106 

.242 
364 

,500 
.6M 
,749 

.0155 
,0600 
.I39 
.207 
. 278 
.349 
.406 

.0005G 

.00500 
,0171 
,0246 
. OR10 
,0387 
.0426 

- 

Pounds 
per sec- 
ond- foot 

0.213 
.639 

1.57 
a. 47 
G. 74 

12.0 
19 6 

. I87 
,663 

2.26 
6. OR 

14.0 
25.8 
48.6 

. I07 
,791 

5.30 
18.6 
48.8 

100 
186 

.O53R 
1.72 

21. 9 
77. 5 

160 
345 
531 

1.15 

.81 

.57 

Tons per 

d% 
561 

2,050 
5,170 

12,100 
26,500 
69,800 

335 
1,330 
6,660 

20,400 
57,100 

129,000 
335,000 

153 
1.460 

12.500 
49,700 

187,000 
397,000 
,020,000 

14 
587 

9,350 
37,600 
97,800 

248,000 
526, GO0 

Feet 
0 5 
1 
2 
3 
4 
6 
G 

. 5  
1 
2 
3 
4 
6 
6 

.!i 
1 
2 
3 
4 
5 
6 

. 5  
1 
2 
3 
4 
5 
6 

1 Explmation of symbols in Appendix, I). 159. 



TABLE 8 .-Sediment transportation calculated for Big Sand Creek, iMiss. Bank f r i c t i o n  considered ' 
iwn 1 

-- 
1 

--- 

fleet 
1.62 

1.15 

.81 

.57 

i ~ q ~  

15 

P o m  ds 
per sec- 
ond-foot 
0 0370 
.0966 
,273 
567 

1. 18 
2.14 

.0765 

.223 

.880 
2.43 
5. 90 

11.6 

.0340 

.261 
1.76 
6.36 
17 2 
35.6 

. O(h307 

.ow4 
1.35 
5.20 
11. 5 
24. 6 

9 
-- 
Pmd 
per sec- 
ond-fool 
0.0267 
.us61 
,115 
.I80 
.253 
.316 

.0471 

.lo6 

.242 

.3G4 

. a 0  

.w 

.OX5 

.0600 
1 3 9  
.207 
.279 
.34Y 

.00056 

. MFi00 

.0171 

.02% 

.0310 

.au7 

Pounds 
per ond-fool sec- 

0.213 
.643 
1.63 
3.18 
6. G2 
12.0 

.I88 

.666 
2.19 
6 04 
14.7 
2%. 8 

.lo6 

.816 
5.  51 

19.9 
63.7 

111 

. ob3c 
1. 61 

23.3 
89. 5 
198 
425 

Tons per 
day 
176 

Feet 
0.6 
1 
2 
3 
4 
6 

.5 
1 
2 
3 
4 
5 

.5 
1 
2 
3 
4 
5 

.5 
1 
2 
3 
4 
6 

1 Exp1:innetion of symbols in Appendix, p .  69. 
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The scqueme of operatiom and the application of forl11u1a.s for the 
csl~ulatiou of tables 7 aad 8 are as follows : 

SLep 22: The representative grain sizes are chosen at  the geornetxic 
mean of the two size limits of each sieve fraction (column 1, tables 
'7 and 8). 

Step 23: The fraction i6 of the bed material for the same sieve 
fraction is determined as an aterage of all bed samples available for 
the river reach in question (column 2, tables 7 and 8). 

Step 24: The same Rp' values arc used as in table 6 (column 3, 
tables 7 and 8). 

Step $5: Next, \k is cahlated using equation (49) page 36 and 
ss-sf - =S,- 1, as demonstrated previously (c01mu 4,  tables 7 and 8). 

C E 

s tep 26: The characteristic distmwe X is derived according to the 
relationships (45), page 35, in feet, with A and S given in columns 6 
and 3 of table 6, respectively (column 23, table 6). 

Slep 27: The ratio D!X is calc~dat~ed from D in colurnu 1 and X in 
column 23, both from table 6 (column 5, tables 7 and 8). 

Step $8: The E values are read from figure 7 in tsrnls of DIX (column 
6, tables 7 and 8). 

Step 29: The Y vdues are rend from figure 8 in terms of kJ6, which 
is found in column 4 of table 6 (colurrm 24, table 6). 

Step 80: & is calculatecl from equatiori (49), page 36, with given 
in column 23 and A in column 6, both from table 6 (column 25, table 6). 

Step 31 : @=log,,(lO.6) = 1.025 is divided by pX of column 25 and 
the result is squared (column 26, tlable 6). 

Step 32: The parameter @, is calculnted according to equation 
(54), page 37, with .ili in column 4, table 6; E in column 6, tables 7 and 8; 
Y in column 24, tables 7 and 8 , and in column 26, tab1 c G 
(column 7, tables 7 and 8). 

Step 35: From figure 10, a, is read in function of 'k, (column 8, 
tables 7 and 8). 

S k p  34: The bed-load rat4e, & q ~ ,  is calculated from a,, using 
equation (41) and (42), page 34, in the form 

iBqB= @:i= ig~sg3/2D3/2 (8,- 1) 3 
whcre : 

a, is given in column 8, lablw 7 and 8; 
ib in coluinu 2, tuhles 7 and 8 ; 
s, is from tthe mechanical analysis, but may usually be assumed 

to be 2 .67-  1.93=5.17 s l~gs / f t .~ ;  
g=32.2 ft./scc2; 
D is from column 1, tables 7 and 8; and 
(8, - 1) is 1.29 (column 9, tables 7 and 8). 

&ep 95: A is calculated as A=2D/Rz, in table 7 and as A=2D/RT 
in table 8 (column 10, tthles 7 and 8). 

Step  36: The exponerlt z is calc.ulated ~~ccording to equa$tion (27)) 
page 17, where v, may be read from figure 6 for various g a i n  sizes. 
These curves apply to averageshaped quartz grains at a tcrnperatme 
of 20 O C .  For other maoterials and temperatures the setqtjling velocities 
may be mertsurcd or calculated from Rubey's formula (17). The 
coiistnntl 0.40 seems to be a usable avernge ( I l ? ) ,  while u,' is given in 
column 2, table 6 (column 11, tables 7 and 8). 



Step $7: The integral IL is read from the diagram in figure 1 for 
the sarious values of A and a (column 12, t d h s  7 and 8). 

Step 38: The.integra1 I? is read from the diagram in figurc 2 for 
various values of A and x (column 13, tables 7 and 8). 

d 1011 Step 39: The coefficient P of I, is calculated according to equ6 .t' 
(62), page 40, where: 

x is from column 5, table 6 ; 
k,=D,,=0.00115 feet; and 
d equals Rb in table 7 and RT in table 8 (column 27, table 6). 

Step 44: The e-qression (PIl+12+1) is calculatled according to 
equation 63, page 40, (column 14, tables 'i and 8). 

Step 41: . The total transport rate per unit and time for the 
individual size fraction iTqT is calculated according too equation 63, 
page 40, in lbs./ftl. sec., (column 15, tables 7 and 8). 

Step @: The same total transport rate reduced to ib= 1, which is 
helpful in judging the behavior of the different gain sizes of a bed 
nlixtare i,pT/ib, is calculated in column 16, tables 7 and 8. 

Step 43: The total sediment transport rrtte for the entire section 
is calculated for individual size fractions in tons per day from the 
equation 

wllcre i,p, appears in column 15, tables 7 and 8; and pb in colu~nn 15 
of table 6 if bank friction is neglected, and in column 19, table 6 if 
bank friction is introduced (column 17, tables 7 and 8). 

Step 44: Finally, the total transport rates are added for all sedi- 
ment sizes coarser than any size D, in tons per day (colrunn 18, tables 
7 and 8). This represents the final form in which the bed-load f unc- 
tion is presented (see figs. 22 and 23). 

The behavior of the individual grain sizes within the sediment 
mixture is best characterized by the curves of figure 20 for Big Sand 

Crcclr. They give the values '%-@ against grain size for various 
% h  

stages. Each currc thus refers to" one discharge and gives the rate 
a t  which the individual grain sizes mould move if tlhey covercd indi- 
vidually the entire bed area. Thc sizc range has been extended far 
beyond the range that is actually important in Big Sand Creek in 
order to show the characteristic parts of these curves. 

Figure 21 gives comparative curves for the Missouri Rivcr. The 
graphs for both streams are calculated without bank friction. I t  is 
apparent that both sets of curves have a very similar character 
although the curves themselves are distinctly different; viz, they 
both show one well-defined maximum and a tendency toward a second. 
Because of their rather characteristic shape such curves have been 
called camel-back curves (c. b. c . )  . 

It appears that only few grain sizes, D, must be calculated to define 
these entire curves, from which intermediate points may then be 
interpolated. 



0.01 0.1 I 10 . 100 
Grain size ( m  m) 

FIGURE 20.-Curves of aT against D for variou~ stsges, Big Sand Creek, Miss. 
i b  

Regardless of whether or not the entire range of sizes has practical 
imporlance, it is useful to evaluate the significance of the ditfereut 
parts of the curves. At  the maximum values (ahout 0.1 millimeter) 
the material mores almost exclusively in suspension. The values of 
i, pT/iB p, are far above 1,000 for the higher st4ages for which this 
maximum is especially pronounced. The drop to the left of this maxi- 
mum becomcs very steep and is caused by the relatively fast increase 
of 2: and with it of Y, with decreasing D. This sudden drop of thc 
traasport oc.curs aft,er .I., increases above 20 as shorn  in figure 10. 
A similarly steep drop occurs a t  the right end of the curves: above 
D= 10 millimeters for B' Sand Creek and around 100 ndhneters 
for the Missouri River a t  8 ood stages. 

The reason for this dmp is the increase of !€J* above 20 due to growing 
D values. The transport curve thns is limited a t  both ends of  the 
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Grain size ( m  m) 

FIGWREI 21.-Curves of '=against D for various Missouri River stages. 
i b  



D r,znge by increased \II* values. But the reason for this increase 
at  the two ends is differe~it. At large dianicters, the weight of the 
particles becomes too greal for tlhe lift forces, whereas a t  srnall diame- 
ters th c effective velocities of flow and taurbulence are reduced as the 
grains begin to hide-that is, come to rest beyond the influence of 
turbulence betlween larger grains or in the laminar sublayer. 

The usually rery steep increase of iTqTfib from D=I millimeter 
down to 0.1 millimeter, especially a t  higher stages, is ca.used by an 
important shift from surface creep to suspension. This transition 
occurs with a change of the exponent z from about 2 to 0.2. There 
remains only to explain the decrease of iTqT/&, between a size of about 
10 millimeters (see AIissouri River curve, figure 21) down lo about 
I millimeter. The tendency to decrease in tlhis range is again espe- 
cially pronounced at  flood stlitgcs. This reduction is still in the rmgc 
where suspension is unimportant. It must be explained by bed-load 
motion only. I t  results from the condition where Lhe frcquemy cP 
of individ~a~l motions of particles increases more slowly with decrcrts- 
ing D than the volume of the individual particles and the length of 
their jump is reduced. In other words, larger numbers of the smaller 
paridides move but the rate of their movement by weight remains 
smaller because the individual particle weight decreases very rapidly 
with D. Commonly, for instance, for all curves of Big Sand Creek 
and for tlhe low stages of the Rtissouri River, this intermediate mini- 
mum or dip in the camel-back curve is not pronounced because the 
beginning 01 i~i~rcttsing suspension overlaps with the decrease of bed- 
load rates duo to decreasing particle size. Thus, the detail shape of 
the camel-back curves varies considerably rts well ns the location of 
maxima. 

How may the rather large rates of transport, in the silt and clay 
sizes of many streams be explained in the light of this aualysis? The 
camel-back curves lor many streams decline just as sharply near 0.01 
millimeter as do the two examples. This becomes more understand- 
able as one recalls that the method ol cdculnting sediment loads 
presented in this publication tends to give minimum rates, as did 
the experiments from which the method 1s derived. This is reflec,tad 
in the ,$ curve? which illustrates the fact that hhe small bed-particles 
always do their utmost to hide behind larger grains or in tlhe laminar 
sublayer. Thus? i t  is easy to visualize that a rather small amount of 
similar particles in more prominent positions of the bed could support 
a I ery large additional transport of these particles without increasing 
effectively their over-all concentration ib in the bed as a whole. 
This might explain the existence of wash load on the same bed which 
sustuins a bed-load luction. No q~antit~ative information is yetl 
available on this condition, however. 

From the camel-back curves, or directly froin the sediment load 
calculations, the actual transportation ra,tcs iT QT of the enthe cross 
sections may be determined for the calculsted Bows. These values 
iT QT are calculated for individual size fractions which themselves are 
chosen arbitrarily. As in the case of mechanical analyses, the use of 
cumulative curves is more general than that of distribution curves. 
The inforinahion shown in colwniis 17 and 18, therelore, is given in 
figures 22 and 23 as the sum of the transport of all grain sizes coarser 
than ti given limit in terms of the discharge Q. Each curve corre- 
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F I G U ~ E  2 2 . T h e  bed-load function for flow without bmlr friction, in terms of the 
discharge Q, Big S m d  Creek, Miss. 

FIGURE 23.-The bed-load function for flow with bank friction in terms of the 
discharge, Big Sand Creek, Miss. 



sponds, therefore, to an individual point of a cumul:~t.ive eu r~e .  The 
group of curves gives, thcn, t,he full description of the bd-load 
function. 

The fact, that the curves, especially the curves for the total trans- 
port of all particles coarser than 0.147 millimeters, are much flatter 
than 45' indicates that tohe sediment concentrstion increases with 
rising stooge. C n l c l ~ l a t ~  the load in parts per million (p. p. in.), the 
chmnel without bank friction gives, far instance, a t  400 cl~bic feet 
per second, a concentration c of 

The corresponding concentration a t  a flood stage of 30,000 cubic feet 
per second is 23,900 parts per million. Each cubic foot of water a t  
hi hest flood stage is, therefore, about 40 times as effective in moving 
se 5 iment as i t  is at a rather low stage of 400 cubic feet per second. 
In order to predict the load that will be moved by a stream, i t  is thus 
necessary to know not only how much flow will occur but the duration 
of each rate of flow. Fortunately, the sequence in which the various 
flows occur is not important as long as an equilibrium condition is 
assumed for all flows. The most advantageous description of the 
flow-conditions is in tlhis casc the well known flow-duration curve. 

More work needs to be done in the development and publication of 
flow-duration curves for botlh larger and smrtllcr rivers. Little is 
known, in particular, about the relationship between the flow-duration 
curves for tributaries of different size in the same watershed, between 
those of different sections of the same river and sections with differcnt- 
sized contribukiting watershed arerts; nor about the characteristics of 
the curves in dillerent parts of the country. There is a great, need for 
further development in this almost untouched aspect of hydrology (4). 

Because most existing flow records are given as daily averages, 
tons per day was chosen as the unit in calms 17 and 18 of ta,bles 
7 and 8. New and perhaps beiker methods of integrating the bed- 
load function mlth flow data for application to different t;rpes of 
channels may be apparent to the practicing enginccr alter he has 
acquainted himself with the basic concepts presented in this publication. 

LIMITATIONS OF THE METROD 

Not only the possibilities for application, but also the limitations 
and cautions t!o be observed in applying any newly developed engineer- 
ing method should be presented ,as objectively rts possible by the 
author of tlhat met4h od. Computation of th e bed-load function, as 
presented in this publication, ulldoubtedly can be and will be improved 
and its application extended as the results of additional basic research 
become available and as the method is applied to a greater range 
of practical field problems. I t  seems desirable here, however, to 
point out certain limitations that can now be recognized and which 
may serve as a stimulus to further research and field trials needed 
to remove these limibaiions. 

In an effort to devise a unified method of calculating the transport 
of bed sediment for inmwdiate practical application, i t  was necessary 
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t.o d evelop several strictly empirical relationships such as the curves 
of figures 5, 6, 7, and 8, for which only a very limited amount of 
substantiating data now exist,. Other, sorncwhat different b u t  
pra~t~ically equivalent syst*ems could bc used in developing these ' 
curves and in & k g  X. Preliminary calculations indicate that 
such alternate systems give essentially similar results when applied 
to large rivcr conditions. The author has chosen the particular 
system of curves and parameters used herein because they seem to 
hwe  a greaker significame within the framework of fluid dynamics 
theory. I t  is reco Ilized, however, thak a better sct of curves may 
be, and probably wfl be developed as more information becomes avail- 
able. Inasmuch as these curves give res~zlts bhat appear to be con- 
firme,d by all the field checks thus far made, lhey do not seem to be 
open to criticism so much from the standpoint of accuracy as from 
lack of a solid bheoretical foundation, such ns exists for thc integrals 
of suspension, the @,-q, curve, and the hydraulic curve of figure- 4. 

The justification for this publication, ot4her tha~l  the urgent need 
for a usable method of computing bed-load transport, rests, in the 
author's opinion, on hhe basic soundness of th e t,wo major principles. 
These are (I) the restriction of bed-load rel~tionships to the bed layer, 
and (2) the method of relating the movement of bed material in 
suspension to the concentration in the bed layer. Even thougli some 
of the constants and approximntions used in defining these relation- 
ships may be subject to later improvement and refinement, the 
unificd method as presented appears to be basicdly correct. It 
has been confirmed in all cases where i t  has been checked against 
the load transported through a river reach and sul~seqnently deposited 
in rt place where its volume could be measured. 

I t  must. be clearly understood that this metlhod does not permit 
the calculation of the total sediment load of a stream, but only the 
total transport in suspension and in tho bed layer of bed-mattcrial 
load though an alluvial bed cliamel. That part of the total load 
which is not included in the bed-load function cannot be determined 
by any analytical method now known. I1 must bc measured by 
suspended-load sampling techniques, which sim~dt~~rwously measure 
that part of tho bcd material load that is moving in suspension a,t 
the time of sampling. The two parts of the load moving in suspen- 
sion can be cdculated separately, however, if size analyses of the 
suspended-load samples are made. The finer fractions of the tootal 
sediment. load moving in suspension-the wash load-do not appear 
to be a function of the flow, except in a very vague form. Their ra,te 
of transport is related prirnnrily to the supply available from water- 
shed lands, slream banks, etc. Thc stream's capacity for Lransporting 
the finer fractions of the total load is nearly always vastly in excess 
of the supply available to i t  and therefore the two cannot be func- 
tion ally related from a practical standpoint. 

It might appear that the method presented herein is too complicated 
and time-consuming for practical use. I t  is conceded that the calcu- 
lations talre more time and understanding than those required, for 
example, to compute the water discharge of the stream. On the 
other hand they are no more extensive than the calcrilutions generally 
required for a single bridge spanning a river, and are generally less 
costly than samphg the suspended load of a river at a single cross 



sctct,ion for a year. k€oreovc:l.: h e  complete sequence. of cnlculations, 
designed for applicntion to d l  sizes of strcams and to the complet,~ 
rangc of sediment sizes from gravel t h r o q l ~  fine sand, may be simpli- 
fied considernbly for any given stre;m after it becomes apparent that 
some aspccts of the problem do not apply. 

Lastly, it must be rec0gnize.d that n certain amount of practical 
experience with, or underslanding of, river behavior is highly valuable 
in the correct application of this or any o h r  method of sediment- 
load determination. Sediment movement and river behavior are 
inherently complex natural phenomena involving a great many 
variables. The solution of practical problems cannot be simplified 
beyond a certain point. For example, juctgr-nent .based on experience 
must  be applied in choosing river reaches to be calculated; in decidmg 
whether a given rcsch is actually alluvial in character and thus has 
a well defined bed-load function; in deciding whelher rtn apparentlly 
alluvial stream becomes nonalluvi:tl in character at flood stage such 
that all of the bed material moves in stispension leaving a clean rock 
bed; in the choice of some corlstm&; etc. 

h1uch of the practical expc?rience needed in any study of river be- 
havior can come only from prolonged and careful study of rivers and 
of the data obtained from them in the field. Preferably such study 
should be under the guidance of one of the relatively few ccqerienced 
engineers now engaged in this field of activity. It seems likely that 
as more experience is gained by more engineers in the ;zpplication of 
this or other n~et~hods, the experience can be systematkzed into forms 
ihat will facilitate training and understanding. For the next few 
years? a t  least!, river problcms will continue to tax the ingenuity of 
even the   no st highly versed specialists in this field. 

(1) A ulziiied method of calcdatling the part of tJhe sediment load in 
an alluvial stream that is responsible for maintlairlirlg the channel iu 
equilibrium, namely, the Led-matterial load, is set forth- 

(2) The reln tionship betw een the ratre of taransport of bed-material 
load, its size c,omposition, and the flon- discharge is called the bed-load 
funcLio1l and is explained for the vase of rt channel in equilibrium. 

(3) The first part of the calculation covers the hydraulic description 
of the flow for each discharge. 

(4) The resulting equilibrium transport, is divided into two parts: 
(a) the suspended load which includes all particles the weight of whic.h 
is supported by the fluid flow, and which has been found to include d l  
particles moving tn-o diameters above t4hc bed or higher; and (b) tJlzc 
bed load which includes all particles ~noviug in the bed layer, a layer 
llwo diameters thick along the bed. The weigh l of d l  particles moving 
in Lhe bed layer is supported by the bed as they are rolling or sliding 
along. On the basis of this definition, the thickness of the bed layer 
is different for the various grain sizes of a sediment mixture. 

(5) The motion of bed-material load in suspension is described by 
the commonly accepted mct1hod based on the exchange theory of 
tubulenb flow. The transport is integrated over a ~;-e~t~ical. 

(6) The descripttion of the bed-load motiou iiz the bed layer is the 
same for fine sand as for coarse particles which never go into suspen- 



sion. The eff cct of varying ratios bctweerl ihc: grain size and the laini- 
nar sublayer. thickness must be allowcd for and evaluated, however. 

(7) A complete sample calculation for a reach of Big Sand Creek, 
Miss., demonstrates the practical application of the method and of its 
formulas and graphs. 
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APPENDIX . 

The symbols used in this publication, together wit,h the page on 
ahkh  each symbol is defined and the eq~at~ion in which t,he symbol 
is of major importance, are given in the following list. 

Equation 

Thickness of bcd layer- - - - - - -  - - - - - -  -----------  - - - -  
Ratio of bed-layer thickness to ~ a t c r  depth (dimen- 

sionless integration limit of suspension) - - - - - -- - - - - 
Constant of grain area- - - - - - -  _ - _ -  - - - - - -  - - - - - - - - - -  
Constant of grain volume ----- - -  - - - - - -  - - - - - -  - - - - - - -  
Constant of time scale- - - - -  _ - - -  - - - -  - - - - - -  - -  - - - - - - -  
Constant of bed-layer concentration- - - - - - - - - - - - - - - - 
Constant of bed-layer concentration- - - - -  - - - - - - - -  - - - 
Cross-sectional area pertaining to bed- - - - - - - - -- - - - - - 
Cross-sectional area, synonymous with AT - - - - - - - -  - - -  
Constant of the bed-load unit-step- - - - - - - - - - - - - - - - - - 
Total area of a cross section- - - - - - - - - - - - - - - - - -  - - - -  
Part of the cross section pertaining to the bsnlrs-- - - - - 
Constant, scale of - --- - - _ - - - - - - - - - - - - - - - - - - - - - - - 
('ross-sectional area pertaining to the grain- _ - - -  - - - -  - 
Cross-sectional area pertaining to irregularities- - - - - - - 
Constant, scale of Q ------ - - - -  - - - _ _ _  - - - - - - - -  - - - - - - -  
Constant, scale of \E - - _ - - - - - - - - - - - - - -  - - _ - - -  - _  - - - - -  
Constant, scale of **- - - - - - - - - - - - - - - - - - - - - - - -  - -  - - -  
Concentration in dry weiglit per unit of volume- - - - - - 
Concentration a t  distance a from bed- - - -  .. - _ . - - - - - - - -  

Lift coeffic~ent - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 
Concentration ak distance y from bed- - - - - - - -  - -  - -  - - -  
Water depth-- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  
Grain size; diameter of balls- - - - - - - - - - - - - - - - - - - - - - -  
Grain size of which 35 percent is finer - - - - - - - - - - - - - - -  
Grain size of which 65 percent is finer - - - - - - - - - - - - - - -  
Acceleration due to gravity- - - - - _ _ - - -, -- ------ - - - --  
Fraction of bed material in a given gram size- - - - - - - -  
Fraction of bed load in a given grain size - - - - - - - - - - - -  
Fraction of suspension in a given grain size- - - - - - - - - -  
Fraction of total load in a given grain size - - - - - - - - - - -  
Integral value--- - - - _ - - - - - - - - - - - - - - - - - - -- - - - - - - . - - 
Integral value------------------------------------  
Roughness diameter - - - - - - - - - - - - - - - - - _ - - - - - - - - - - - 
A distance---------------------------------------  
Lift force on bed particle - - - - - - - - -  - - - -  - -  - - - -  - - - - - - -  
Distance of exchange, ~nixing lcngth- - - - -  - - - - - -  - - - - -  
A distance in direction of the flow - - - - -  - -  _ -  - -  - -  - -  - - -  
Friction factor (Manning) of the banks - - - - - - -  - - - - - - -  
Probability of a graiu to be eroded _ _ _ - - - - - - - - - - - - - - -  
Parameter of total transport- - - -  - - - - - -  - - - - - - - -  - - - - -  
Wetted perimeter vf the bed- - - - - _ - - -- - _ - -  - - - -  - - - --  
A lift pressure - - _ - -  - _ - -  - - - -  - - - - - - - -  - - - -  - -  - -  - - _ - - - -  
Probability of a grain too be erodcd per second-__-- - - - 
Mrctted perimeter of the banks.. - - - - -  - - - -  - - - -  - - - -  - - - 
Flow discharge-- - -  - - - - - -  - - - - -. - - - -  - -  - - - - - -  - - - - - -  - 
Bed-load ratc in weight per unit of time and width- _ - 
Corresponding suspended load rate- _ - - - - - - - - - - - - - - - 
Corresponding toteal load rate- - - - _ - _ - - - - _ - - - - - - - - - 
Tota.1 sediment load in cross section - - - -  _ - -  - - -  - - - - - - -  
Vertical exchange discharge per unit area - - - - - - -  - - - - -  





FIGURE 1 .-$?unction 1, =0.216 - ------ dY in terms of A 

0 s  for various values of z = - 0 . 4 ~ "  

Az-1 
FIGURE 2.-Function 1,=0.216 ---- [I - A)z J" log, (y) (y)ldy iu terms 

of A for 

YIGUIZE $.-Correction x 

Z's various values of z = - 
0.40,~" 

in the lo a.rithmic friclion formula in terms 
of k/s. 

XIGUIEE 5 .-Friction u$ due t,o charnel irregula.rities. 

FIGURE 6 .--Settling velocitp V, for various sizes of quartz grains 
awarding to Rube.y . 

FIGURE 'I .--Pre.ssure reduction in sublayer. 

FIGURE 8.Pressure correction in the transition to a smo0t.h bed. 

FIGURE 9.-@*-9* curve compared with measured points for uniform 
sediment. 
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